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Abstract

Many sensornetwork applicationsrequirethat eachnode's
sensorstreambeannotatedwith its physicallocationin some
commoncoordinatesystem.Manualmeasurementandcon-
�guration methodsfor obtaininglocationdon't scaleandare
error-prone,andequippingsensorswith GPSis oftenexpen-
sive and doesnot work in indoor and urbandeployments.
Sensornetworkscanthereforebene�t from aself-con�guring
methodwherenodescooperatewith eachother, estimatelo-
cal distancesto their neighbors,andconvergeto a consistent
coordinateassignment.

This paperdescribesa fully decentralizedalgorithm called
AFL (Anchor-FreeLocalization)where nodesstart from a
randominitial coordinateassignmentandconvergeto a con-
sistentsolution usingonly local nodeinteractions.The key
ideain AFL is fold-freedom, wherenodes�rst con�gure into
a topology that resemblesa scaledandunfoldedversionof
the truecon�guration,andthenrun a force-basedrelaxation
procedure.Weshow usingextensivesimulationsunderavari-
ety of network sizes,nodedensities,anddistanceestimation
errorsthat our algorithmis superiorto previously proposed
methodsthatincrementallycomputethecoordinatesof nodes
in thenetwork, in termsof its ability to computecorrectcoor-
dinatesunderawidervarietyof conditionsandits robustness
to measurementerrors.

1 Intr oduction

Physicallocationis an importantattributeof a sensor's data
streamin a large numberof sensornetwork applications.In
addition, geographicinformation, for instancein the form
of nodecoordinatesin somecommoncoordinatesystem,is
a useful primitive in routing protocolssuchas geographic
routing [16], information disseminationprotocols such as
directeddiffusion using location attributes[15], and sensor
queryprocessingsystems[17].

This paperpresentsa methodto facilitatelarge-scaledeploy-
ment of location-aware sensornetworks. The main idea of
this paperis to show that large networks of location-aware

sensorscanbe madecooperatively self-con�guring, that is,
thateachsensorcanrunanalgorithmlocally, interactingonly
with neighboringnodes,suchthatafteranumberof iterations
all sensorswill have reacheda consensusabouttheir coordi-
natesin somecoordinatesystem.By doing this in an auto-
matedmanner, large-scalesensornetworkscaneliminatethe
cumbersomeandunscalableprocessof manuallycon�guring
sensornodeswith their location.

In non-urbanoutdoorsettings,nodesmayobtainlocationin-
formationusinganexisting infrastructuresuchasGPS[13].
However, GPS receivers may be too expensive, too large,
or too power-intensive for the desiredapplication.In many
outdoorurbanenvironments,andmostindoorenvironments,
GPSis notavailable.Onesolutionto thisproblemis analter-
native locationinfrastructuresuchasBat [11] or Cricket [20]
that works in placesthat GPSdoesnot. Anothersolutionto
theseproblemsis to equipsensorswith hardwarecapableof
estimatingdistancesto nearbynodes,andto have thesensors
themselvesself-con�gureintoaconsistentcoordinatesystem.

In contrast to the GPS with its few dozen satellitesand
ground-basedmonitoring centers,alternative infrastructures
suchas Cricket employ hundredsor thousandsof inexpen-
sivepositionbeaconsto providelocationinformationoverex-
tendedareas.This largenumberof nodesraisesadeployment
issue:how cananextendeddeploymentbeef�ciently con�g-
uredfor initial operation,andef�ciently maintainedfor con-
tinuing operation?Autonomouslyoperatinglocation-aware
sensornetworksfacethesameproblem.

This paper solves the following problem: Given a set of
nodeswith unknownpositioncoordinates,anda mechanism
by which a nodecan estimateits distanceto a few nearby
(neighbor)nodes,determinethe positioncoordinatesof ev-
erynodevia local node-to-nodecommunication.Oursolution
to this problemis fully decentralized:all nodesstart from a
randominitial coordinateassignmentanduseonly local dis-
tanceestimatesto converge to a coordinateassignmentthat
is consistentwith thedistanceestimatesby exchangingonly
local information. The resultingcoordinateassignmenthas
translationand orientationdegreesof freedom,but is cor-
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rectlyscaled.A post-processcouldincorporateabsoluteposi-
tion informationinto threeor four nodes(from building con-
ventions,survey data,or GPS)to remove thetranslationand
orientationdegreesof freedom.

Someprevious work on this problem assumesthat a non-
negligible fractionof nodesin thenetwork areanchor nodes
thatalreadyknow their location[2, 7, 21, 23]. In contrast,we
pursuedananchor-freeapproachfor threereasons.First, es-
tablishinganchorsis a manualdeploymenttask,andmaybe
cumbersome.Second,thenumericalstabilityof anchor-based
approachesis questionable,sincethey give more weight to
anchorpositionestimates,anderrorsin thoseestimateswill
have undueeffect on the global solution. Finally, anchor-
basedapproachesmay not scalewell, since to combatthe
instability describedabove, a large numberof anchorsmay
berequiredto con�gure anunboundedworking area.

Anotherclassof algorithmsproceedincrementally, starting
from a small coresetof nodesthat know their location,and
addingnodesto anexisting,con�gurednetwork oneatatime
or in groups[21]. Thiscanbedoneif anodeattemptingto join
theexistingnetwork cansuccessfullyestimateits distancesto
threeor four nodesthat arealreadycon�gured. We show in
this paperthat suchincrementalapproacheshave two major
problems:�rst, they may not solve the problemeven when
a valid coordinateassignmentexists, and second,errors in
localdistanceestimatesoftentendto cascade,leadingto large
globalerror.

Our contribution is an algorithm called AFL (Anchor-Free
Localization),a concurrent and anchor-free solution to the
problem.We show that this combinationhassigni�cant ad-
vantagesover severalpreviousapproaches.However, realiz-
ing suchanalgorithmis a non-trivial problem,becausecon-
currentapproachestendto fall into falseminima,whereeach
nodebelievesit is in anoptimalpositionbut theglobalcon�g-
urationis incorrect.In particular, theclassicapproachto ob-
taininga concurrentalgorithmis to modelthenodesaspoint
massesconnectedusingsprings,anduseforce-directedrelax-
ationmethodsto convergetowardaminimum-energycon�g-
uration.Suchforce-directedmethodsaresusceptibletosevere
falseminima.

Thekey ideain AFL thatalleviatesthefalse-minimumprob-
lemis fold-freedom. Basedontheobservationthatmany false
minimaarecausedbecausenodesoperatingonlocal informa-
tion convergefalselyto con�gurationswheregroupsof nodes
aretopologicallyfoldedwith respectto thetruecon�guration,
AFL seeksto �rst con�gure nodesinto a “fold-free” con�g-
uration that is (looselyspeaking)a scaled-up,unfoldedand
locally distortedversionof the true con�guration.After this
is done,thenodesrunaforce-basedrelaxationproceduretak-
ing careto not seriouslyviolatefold-freedom.Theresultis a
correctsolution,orgraphembedding,for alargeclassof input
networksin practice.While wedon't yethavea proofof cor-

not rigid rigid
not globally rigid

globally rigid

Figure1: Examplesof graphsthatarenot rigid (�e xible asa
bar-and-joint framework), rigid but not globally rigid (mul-
tiple embeddings),andglobally rigid (oneembeddingup to
rotation,translation,andre�ection).

rectnessfor exactly whenAFL works andwhenit doesnot,
we show usingextensive simulationsundera rangeof net-
work sizes,nodeconnectivity anddensities,anddistancees-
timationerrorsthatAFL outperformsincrementalalgorithms
by bothbeingableto convergeto correctpositionswhenin-
crementalalgorithmsdonot,andby beingsigni�cantly more
robustto errorsin localdistanceestimates.

2 Terms and de�nitions

This sectionde�nes usefulnotationandterms,andformally
de�nes the problem.For easeof exposition,we restrictour
de�nitions to two dimensions,but AFL applies to three-
dimensionalnodeplacementaswell.

2.1 Problemde�nition

Consider
�

nodeslabeled �����������

�

at unknown distinct lo-
cationsin somephysicalregion.We assumethatsomemech-
anismexiststhroughwhicheachnodecandiscoverits neigh-
bor nodesby establishingcommunicationwith thosenodes,
andcan estimatethe range(separationdistance)to eachof
its neighbors.For example,neighborinformationmaybeob-
tainedusingradiolinks, while rangeinformationmaybeob-
tainedusingradiocoupledwith ultrasonicor acousticsignals.
Eachdiscoveredneighborrelationshipcontributesoneundi-
rectededge�
	���
������ in agraph� overthenodes.Wedenote
by ����� therange, or estimateddistance,betweennodes
 and

� , andby ����� theactualdistancebetweennodes
 and� .

Given a collection of
�

nodes,and the distancemeasure-
mentsof eachnodeto its neighbors,the goal is to produce
a set of coordinateassignments��� that are consistentwith
all distancemeasurements,that is, an assignmentof points

��� for all 
 and � such that the distancebetween 
 and �

�

���! "���

�

	#�$�%� for all �'&(� . Notethatthispositionassign-
mentcanbeuniqueonly up to an arbitraryrotation,transla-
tion, andpossiblere�ection, but its scaleis determinedby the
measuredranges.

However, for somegraphs,the position assignmentis not
uniqueeven up to rotation,translation,andre�ection. Refer
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Figure2: A graphconsistingof 16 nodes,displayedat their
truepositions.

to Figure1. If we treat the graphas a bar-and-joint frame-
work, the graphshouldbe rigid in the sensethat it cannot
be �e xed while preservingthe distances(as in a rectangle,
for example).Even if thegraphis rigid, it maybesubjectto
“local �ips”. For example,if therearejust two trianglesshar-
ing an edge,onetrianglecanbe re�ected throughthat edge
without any distanceschanging.We call sucha graphrigid
but notglobally rigid. For autolocalizationto work givenjust
edgelengths,we needa globally rigid graphthathasexactly
oneembedding.We elaborateon this connectionto rigidity
theory, andknown resultsaboutglobally rigid graphs,in Sec-
tion 3.2.

Even if the graphis globally rigid andhasa uniqueembed-
ding, it is NP-hardto �nd the correct embeddingin gen-
eral [24, 25]. Most solutionshave failure modeswherethey
fall into falseminimaor simplydon't work for certaintopolo-
gies (e.g., incrementalmethodsdon't work well unlessthe
nodedensityis high).Furthermore,in practice,distanceesti-
mationerrorsoccur, which may cascadein certainsolutions
to producehighly erroneouscon�gurations.

2.2 Performancemetric

In previous work on the localization problem, researchers
have usedtheaveragepercentageerrorof thecalculateddis-
tancescomparedto the true distancebetweenneighborsas
a measureof thealgorithm's performance[2, 21]. While in-
structive, this metricdoesnot fully capturetheintendedgoal
of thecon�gurationalgorithm,whichis toproducecoordinate
assignmentsthat“resemble”thetruecon�guration'stopolog-
ical properties.For exampleconsiderthe graphof nodesin
Figures3 and4. These�gures show two modi�ed versions
of thegraphin Figure2 wheretheaverageerror ratio is ���

comparedto the original graph.Comparedto the graphin
Figure3, it is visually obviousthatthegraphin Figure4 is a

Figure3: A modi�ed versionof thegraphin Figure15where
theaverageedgelengtherroris 5%.

Figure 4: Another modi�ed versionof graph in Figure 15
wheretheaverageedgelengtherroris 5%.

muchbetterapproximationof thetruecon�guration.Simply
reportingtheaveragepositionerrordoesnot capturethetrue
behavior of auto-localizationalgorithms.

To capturethisglobalstructuralproperty, weintroduceamet-
ric calledtheGlobal EnergyRatio(GER). Theglobalenergy
ratio is the root-mean-squarenormalizederror valueof the
node-to-nodedistances,wheretheerror � ��� is thedifference
betweenthe true distance����� and the distancein the algo-
rithm's result ��$�%� , and

�

� �%� is the normalizederror, equalto
�

���	��
����	�

�
�	� .

GER 	


 �

��� ��� �����

�

���

���

�

�

�

 �������

� (1)

This measurecapturesboth the edgelength errorsand the
structuralerrorof thegraph,becauseit hascontributionsfrom
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bothnodesthatareneighborsaswell asnodesthatarenot.As
anexample,theGERof thecon�gurationin Figure3 is � � ����� ,
while theGERof thecon�gurationin Figure4 is ��� ��� � . If all
the estimatedranges���%� betweenneighbornodesare equal
to the true �$�%� values,and if the true con�guration is rigid,
thenan ideal algorithmwill producea resultwhoseGER =
0. Because

�

� �%� compares�

� �%� with �$�%� ratherthanwith ����� , the
GERmetricalsocapturestheerrorsin the�nal con�guration
causedby erroneousrangeestimates.

3 Relatedwork

Previous researchhasaddressedvariousversionsof thedis-
tributedlocalizationproblem.Wecharacterizethedistributed
algorithmsdevelopedto solve this problemin two different
ways.The �rst characterizationis accordingto whetheror
not they rely on anchor nodes, which arenodesthatarepre-
con�gured with their true position.The secondis basedon
whetherthey areincrementalor concurrentalgorithms.

Anchor-basedalgorithms. Algorithms that rely on anchor
nodesassumethata certainminimumnumberor fractionof
thenodesknow their position,e.g.,by manualcon�guration
or using someother location mechanism.The �nal coordi-
nateassignmentof individual nodeswill thereforebe valid
with respectto anotherpossiblyglobal coordinatesystem.
Any positioningschemebuilt aroundsuchalgorithmshasthe
limitation that it needsanotherpositioningschemeto boot-
straptheanchornodepositions,andcannotbeeasilyapplied
to any context in which anotherlocationsystemis unavail-
able(e.g.,strictly interior to a building). It turnsout that in
practicea large numberof anchornodesareneededfor the
resultingpositionerrorsto beacceptable[21].

Anchor-fr eealgorithms. In contrast,anchor-freealgorithms
uselocal distanceinformationto attemptto determinenode
coordinateswhennonodeshavepre-con�guredpositions.Of
course,any suchcoordinatesystemwill not be uniqueand
canbeembeddedinto anotherglobalcoordinatespacein in-
�nitely many ways,dependingonglobaltranslation,rotation,
andpossibly�ipping. This limitation is fundamentalto the
problemspeci�cation,andis notalimitation of thealgorithm.

If the coordinatesassignmentsmustconformto anotherco-
ordinatesystemsuchas GPS,any algorithm that doesnot
useanchornodescaneasilybe convertedto a onethat uses
a small numberof anchornodesby addinga �nal transfor-
mationwhereall thenodecoordinatesaretransformedusing
three(in 2D) or four (in 3D) anchornodes.

Incr ementalalgorithms. Thesealgorithmsusuallystartwith
acoreof threeor four nodeswith assignedcoordinates.Then
they repeatedlyadd appropriatenodesto this set by calcu-
lating thenode'scoordinatesusingthemeasureddistancesto
previousnodeswith alreadycomputedcoordinates.Theseco-
ordinatecalculationsarebasedoneithersimpletrigonometric

Collection of nodes with
calculated coordinates

already calculated

started calculating

not calculated

Figure5: Nodesinvolved in a typical incrementaloptimiza-
tion.

not calculated
already calculated

Figure 6: Nodesinvolved in a typical concurrentoptimiza-
tion.

equationsor somelocaloptimizationscheme.

A drawbackof incrementalalgorithmsis that they propagate
measurementerrors,resultingin poor overall coordinateas-
signments.Someincrementalapproachesapplya laterglobal
optimizationphaseto balancesucherror, but it remainsdif-
�cult to jump out of local minima introducedby the local
optimizationin theincrementalphase.

Concurrent algorithms. In thesealgorithms,all the nodes
calculateand re�ne their coordinateinformation in paral-
lel. Someof thesealgorithmsusean iterative optimization
schemethat reducesthe differencebetweenmeasureddis-
tancesandthe calculateddistancesbasedon currentcoordi-
nateestimates.

Concurrentoptimization schemeshave a better chanceof
avoiding local minimacomparedto incrementalschemeses-
peciallyundermeasurementerrors,becausethey continually
balanceglobal error andtherebytry to avoid error propaga-
tion.For example,considerFigure5,whichshowsnodeposi-
tionsfrom atypical incrementaloptimizationscheme;in con-
trast,Figure6 shows thesamesetof nodesinvolvedin typi-
cal concurrentoptimization.As we cansee,thelayoutof the
nodesinvolvedin theseoptimizationsmorefrequentlyresults
in an incorrectcoordinateassignment(or local minima) for
the incrementalschemecomparedto theconcurrentscheme.
A morethoroughexperimentalcomparisoncanbe found in
Section5.
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Previouslyproposedconcurrentalgorithmsalmostalwaysuse
anchornodes.The anchornodeswith known positioninfor-
mationhelp avoid local minima during the optimization.In
contrast,AFL avoidstheuseof anchornodes,while its initial
phaseof building a fold-freecon�guration helpsavoid local
minimaduringtheoptimization.

3.1 PreviousAuto-localization Systems

Dohertyet al. describean anchor-basedalgorithmfor local-
ization using only connectivity constraintsamongbeacons.
They representtheconnectivities asa setof convex position
constraints,andusea centralizedlinear-programmingalgo-
rithm to solve for thenodepositions.

Bulusuet al. describea GPS-lessschemethatusestheradio
connectivity of a nodeto a setof anchornodesto determine
its coordinates[2]. Thecoordinatesof non-anchornodesare
obtainedby calculatingthecentroidof all theanchorsin the
nodesradio-range.This is a concurrentalgorithm,but it does
not useany optimization.In simulations,they achieve about
12% localizationerror with approximately12 anchornodes
pernon-anchornode( �

�

	 � where
�

is theradiorangeand
� is theseparationbetweenanchors).Theratio of theanchor
nodesto non-anchornodesis ratherlarge.

The ABC algorithm is an incrementalalgorithm that does
not useanchornodes[21]. ABC �rst selectsthreein-range
nodesandassignthemcoordinatesto satisfy the inter-node
distances,thenit incrementallycalculatesthecoordinatesof
nodesusingthedistancesto threenodeswith alreadycalcu-
latedcoordinates.This simpleincrementalschemeresultsin
errorpropagation.Theauthorsreportthatwith 5% rangeer-
ror, ABC resultsin about60%averagepositionerror, which
is larger than tolerablein many situations.This is a conse-
quenceof cascadingerrorsin incrementalsolutions.

The Terrain algorithm, another anchor-based algorithm,
builds on ABC [21]. EachanchorstartstheABC algorithm.
UsingthecoordinatesassignedusingABC, eachnodecalcu-
latesthe distancesto at leastthreeanchors.Theneachnode
performsaconcurrentoptimizationusingthedistancesto the
anchorsandtheanchorcoordinates.Theauthorsreportabout
25% position error (actualoffset of the nodeposition from
thetrueposition)with 5%rangeerror. They alsomentionthat
positionerrorsshow a high varianceandpossibilityof diver-
genceduringtheoptimizationphase.A relatedalgorithmfor
localizing nodesin an ad hoc network useshop-countand
radiostrengthasdistancemeasures,but assumesnearlyuni-
form nodedensityandnoocclusion[18].

Savareseet al. describesa two-phase,anchor-based,con-
current, localization algorithm [22]. The �rst phaseof the
algorithm, Hop-Terrain, is a variant of Terrain, and is ro-
bustagainstrangingerrors.Thesecondphaseis a simulated-
annealingbasedoptimization.With 5% rangeerrors,10%of
thenodesbeinganchors,and12 neighborspernode,this al-

Incremental Concurrent

Collaborative- Terrain[21]
Anchor-based multilater'n [23] HopTerrain[22]

AOA [19] GPS-less[2]
Anchor-free ABC [21] AFL (this paper)

Table1: A characterizationof localizationalgorithms.

gorithmresultsin about12%averagepositionerror.

Savvides et al. describe a collaborative multilateration
scheme,ananchor-basedlocalizationalgorithm[23]. Here,a
nodesolvesa setof over-constrainedequationsrelating the
distancesamonga set of anchorsand a set of non-anchor
nodes(including itself). For a samplegraphof 300 nodes,
the algorithmneedsabout30 (10%) anchornodesto calcu-
latethelocationof theothernodes.Iterativemultilateration,
anincrementalcomponentof their algorithm,producesnode
positionerrorswithin ��� cmof anode'sactualpositions,when
the rangingerror is small ( � cm, Gaussian-distributed).This
experimentconsistsof ��� nodes,with a � m rangingsystem,
deployedin a squaregrid of ����� � � m, andwith 10%of the
nodesbeinganchors.

Niculescuet al. presentan anchor-based,distributed algo-
rithm thatusesangle-of-arrival(AOA) for localization[19].
In this algorithm,nodesiteratively obtain position and ori-
entationinformationstartingfrom anchor(landmark)nodes.
Onepotentialproblemwith thisapproachis thatusingangle-
of-arrival is expensive andobtainingpreciseangleestimates
is oftendif�cult.

Howardetal.'s localizationschemeusingspring-basedrelax-
ationis perhapstheclosestto our work [14]. In their system,
robotsequippedwith odometricequipmentmove throughan
environment,seedingbeaconswith approximateinitial po-
sitions,from which the beaconsrun a distributedrelaxation
procedure.While theproblemsetupis differentfrom oursbe-
causeof the assumptionof having active robotsto seedthe
system,we discusscertainsimilaritiesin Section4 whenwe
describethedetailsof AFL.

Bulusu et al. study the performancecharacteristicsof dif-
ferent RF-basedbeaconcon�guration algorithmsand con-
clude that nodedensityis an importantdeterminantof per-
formance[3]. This paperalsocontainsa detailedsurvey of
variousbeacon-basedlocalizationschemes.

Table1 categorizesthesealgorithmsaccordingto the taxon-
omy developedearlier. BecauseAFL doesnot use anchor
nodes,it can provide localizationwithout an existing loca-
tion system.AFL usesaconcurrentoptimizationschemethat
is robustagainstmeasurementerrors.
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3.2 PreviousGeometricWork

Givenanabstractgraphwith a speci�ed length(positive real
number)for eachedge,whencanthegraphbeembeddedinto
2D or 3D while satisfyingthe edgelengths?When is such
anembeddingunique(up to global translation,rotation,and
re�ection), andthereforea reliablereconstructionof thede-
siredgeometry?Both of thesequestionshave received con-
siderableattentionin boththediscretegeometryandcompu-
tationalgeometrycommunities.

Deciding whether a graph with edge lengths can be em-
beddedis NP-hardin general[25]. Basically, trianglesform
rigid structuresbut can be independently�ipped (folded),
anddecidingwhethera stringof trianglescanbe folded left
andright to make a particularlengthis equivalentto subset
sum.Saxe [24] provedthestrongerresultthat theproblemis
stronglyNP-hardevenfor embeddinginto 1D.

A graphwith speci�ededgelengthswhich hasa uniqueem-
beddingis called globally rigid [4, 12], a variation on the
well-studiedconceptsin rigidity theory [5, 10, 9]. Because
global rigidity can be expressedas the uniquenessof a so-
lution to a systemof algebraicconstraints(specifyingdis-
tancesbetweensomepairsof vertices),global rigidity is al-
mostalwaysa propertyof theunderlyinggraph,not thespe-
ci�c edgelengths.(“Almost always” is a measure-theoretic
notion, meaning“with probability � ” underany reasonable
probability distribution.) A graph(without edgelengths)is
genericallyglobally rigid if, for almostany realizableassign-
mentof lengthsto theedges,it is globally rigid.

Hendrickson[12] showedthat, for a graphto be generically
globally rigid in � dimensions,it mustbe ����� ��� -connected
andtheremovalof any edgemustleavethegraph“generically
rigid” [5, 10, 9]. Both of thesepropertiescanbe checked in
polynomialtime. Connelly[4] provedthat thesetwo proper-
ties arenot enough:they do not imply genericglobal rigid-
ity in 3D. However, Hendricksonconjecturesthat thesetwo
propertiesareenough,exactly characterizinggenericglobal
rigidity, in 2D.

Embeddingagraphwith givenedgelengthsalsoarisesin the
context of reconstructingthe geometryof molecularstruc-
turesin anareacalleddistancegeometry; seee.g.[6]. In this
context, distancemeasurementsare substantiallylessaccu-
rate,andseveraltechniqueshavebeendevelopedto re�ne es-
timatesandreduceerror boundsby combiningseveral con-
straints.On the algorithmicside,Berger et al. [1] give ef�-
cientalgorithmsfor embeddingagraphwith error-proneedge
lengths,evenwhennearlyhalf of theedgesmight havecom-
pletelyinaccuratelengths.However, thesealgorithmsrely on
every nodehaving a constantfractionof thenodesasneigh-
bors,for a total of � ���

�

� links between� nodes,which does
not scalein ourcontext.

4 AFL algorithm

4.1 Overview

TheAFL algorithmproceedsin two phases.The�rst phaseis
a heuristicthatproducesa fold-freegraphembeddingwhich
“looks similar” to theoriginal embedding.Thesecondphase
usesamass-springbasedoptimizationto correctandbalance
localized errors.We begin with a summaryof the second
phaseto illustrate the needfor and importanceof the �rst
phase.

To understandthe importanceof fold-freedom,considerthe
classicalmass-springoptimizationmethod.Here,weimagine
eachedgein thegraphasa springbetweentwo masses,with
a restlengthequalto themeasureddistancebetweenthetwo
nodes.If thecurrentestimateddistancebetweentwo nodesis
greaterthantheir true(measured)length,thespringincursa
force that pushesthemapart.On the otherhand,if the esti-
mateddistanceis larger thanthe true distance,a force pulls
themtogether. Differentmass-springschemesde�ne themag-
nitude of theseforcesdifferently, but the optimizationpro-
ceedsessentiallyin the sameiterative manner:at eachstep,
nodesmove in the direction of the resultantforce. At any
node,the optimizationstopswhenthe resultantforce acting
on it is zero;theglobaloptimizationstopswhenevery node
haszeroforceactingon it. In theoptimization,if themagni-
tudeof theforcebetweeneverypairof neighbornodesis also
zero (i.e., the global energy of the systemmeasuredas the
sumof squaresof the forcesis zero),thenthe optimization
hasreachedtheglobalminimum;otherwise,it hasreacheda
localminimum.

Mass-springoptimizationis usedheavily in the�eld of force-
directedgraph drawing [8]. In force-directedgraph draw-
ing, themass-springmodelandoptimizationareusedto �nd
somelocal minima ideally representing“nice” drawings of
graphs.Howardet al. [14] describetheuseof this technique
for generallocalization.In this paper, the authorsmention
that the mass-springapproachcan converge to local min-
ima ratherthanthe global minimum. This is the fundamen-
tal problemwith unconstrainedmass-springoptimizations—
whennodesstartwith arandominitial coordinateassignment,
mass-springoptimizationhasa high probability of converg-
ing to localminimum.For example,Figure8 showsthegraph
we obtainby applyingspring-massoptimizationto thegraph
in Figure 7 with randominitial coordinateassignments.In
Section5, we show that mass-springbasedoptimizationin-
deedhasa highprobabilityof reachinga localminimum.

Through simulationswe observed that local minima in a
spring-basedoptimization are most often characterizedby
sectionsof the graph“folding over” with respectto the true
con�guration. Becausefolds involve groups of nodesthat
have all folded over, their local interactionsareboth correct
andstrongandthereisn't enoughresultantforceexercisedby
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Figure7: A graphwith sixteennodeswith nodesat their true
positions.

Figure8: The graphobtainedby applyingmass-springopti-
mizationto thegraphin Figure7 with a randominitial coor-
dinateassignment.

the nodesneighboringthe fold to unfold the groupandim-
proving the global energy. Thus, the goal of the �rst phase
of AFL is to designan initial “fold-free” coordinateassign-
ment.In fact,our observationof folds causinglocal minima
may shedlight on a point madeby Howard et al. [14], who
found that local minimadid not seemto occurfrequentlyin
their experimentalsetup.Their experimentsweredonewith
robotsequippedwith odometricequipmentmoving aroundto
provide initial coordinatesto beacons,andthis in fact led to
approximatelyfold-freeinitial con�gurationsfrom which the
force-directedoptimizationswork better.

4.2 Generatinga fold-fr eecon�guration

The goal of the �rst phaseof AFL is to embedthe graph
structurallysimilar to the original embedding.More specif-

n0

n1

Figure9: First stepof thefold-freephase– electing��� .

ically, thealgorithmtriesto avoid folds in theresultinggraph
comparedto the original graph.We formally de�ne a fold-
freeembeddingof agraphto beonewhereeverycycleof the
embeddinghasthe correctclockwise/counterclockwiseori-
entationof nodes,moduloglobal re�ection, with respectto
the original graph.1 We do not guaranteethat our heuristic
producessuchanembedding,but it is our motivatingprinci-
ple. Our heuristicappliesto both2D and3D graphs,but for
clarity wefocusonthe2D version;the3D versionis asimple
extension.It operatesin distributedfashion.

Westartwith someterminologyandassumptions.Weassume
thateachnodehasa uniqueidenti�er; the identi�er of node


 is denotedby
���

� . We usethe phrasehop-countbetween
nodes
 and � to meanthe numberof nodes ����� � along the
shortestradiopathbetweennodes
 and � . We assumesym-
metricallinks betweennodes,makingthegraphis undirected,
so that ����� � 	�� � � � . In practice,this heuristicworks on a
neighborgraphthatassumesonly radioconnectivity, without
usingaccurateranginginformationfrom other technologies
likeultrasound.

Thealgorithm�rst elects� ve referencenodes.Four of these
nodes��� , �

�

, �	� , and ��
 areselectedsuchthatthey areonthe
peripheryof the graphandthe pair � ��� � �

�

� is roughly per-
pendicularto thepair � �

�
� �



� . The node �	
 is electedsuch

that it is in the “middle” of the graph.These� ve nodesare
electedin � vesteps.

� Step 1. Selectan arbitrary node �	� —a simple way to
achieve this in distributed fashionis to pick the node
with smallest

���

. Then, selectthe referencenode ���

to maximize��� � � ; i.e., ��� is a nodethat is themaximum
hop-countaway from node ��� (Figure9). Any ties are
brokenusingthenode's

���

.

� Step2. Selectreferencenode�

�

to maximize��� �

�

(Fig-
ure10).Any tiesarebrokenusingthenode's

���

.

� Step 3. Selectreferencenode ��� to minimize � ����� �  

1This notion is similar to the combinatorialembeddingusedin planar
graphs,andtheorder typeusedin point sets/ completegraphs.
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n0
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Figure10:Secondstepof thefold-freephase– electing�

�

.
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n4

Figure11:Third stepof thefold-freephase– electing��� .
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n4

Figure12:Fourthstepof thefold-freephase– electing��
 .

n0
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n2
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n4

n5

Figure13:Fifth stepof thefold-freephase– electing��
 .

Figure 14: The graph obtainedafter running the fold-free
phaseonFigure2(zoomedout).

�

�

� �
� . In general,several nodesmay all have the same

minimumvalue,andthe tie-breakingrule is to pick the
nodethatmaximizes�

��� �
� �

�

� � from thecontenders.

This stepselectsa nodethatis roughlyequidistantfrom
nodes��� and�

�

� andis “f araway” from ��� and �

�

(Fig-
ure11).

� Step4. As in thepreviousstep,selectreferencenode��


to minimize � ����� 
  �

�

� 
 � . Now, breakties differently:
from amongseveralpotentialcontendernodes,pick the
node that maximizes� � � 
 . This optimizationselectsa
noderoughlyequidistantfrom nodes��� and �

�

� while
beingfarthestfrom node��� (Figure12).

� Step5. As in thepreviousstep,selectreferencenode��


to minimize� �
���


� �

�

�

 � . Fromthecontendernodes,pick

thenodethatminimizes� �
� �


  �

 �


 � . This optimization
selectsthe noderepresentingthe rough“center” of the
graph(Figure13).

For all othernodes� � , theheuristicusesthehop-counts�	��� � ,
�

�

� � , � ��� � , ��
 � � ,and�



� � fromthechosenreferencenodesto ap-
proximatethepolarcoordinates�

�

� ��� � � . Here,
�

is themax-
imum radiorange.

�

� 	 �



� � �

�

�
�

	 �����




�
	

����� �� �

�

� �

� ��� �� ��
 � ���

This coordinateassignmentroughly approximatesthe true
layout of the graph,especiallyfor graphsthat “radiateout”
from a centralpoint. Figures2 and14 show theshapesof a
sampleoriginal embeddingandtheembeddingwe obtainby
the �rst phase's approximatecoordinateassignment.When
calculating��
 , theuseof range

�

to representonehop-count
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resultsin a graphwhich is physicallylargerthantheoriginal
graph;this propertyof the graphhelpsavoid local minima
duringtheoptimizationphase.

4.3 Mass-springoptimization

Thesecondphaseof theAFL algorithmrunsconcurrentlyat
eachnode.The nodesrun the mass-springoptimizationde-
scribedbelow.

At any time, eachnode � � hasa currentestimate
�

� � of its
position.Eachnode � � alsoperiodicallysendsthis position
estimateto all its neighbors.Now, eachnodeknows its own
estimatedpositionandtheestimatedpositionof all its neigh-
bors.

Using thesepositionestimates,eachnode � � calculatesthe
estimateddistance �

� ��� � to eachneighbor��� . It alsoknowsthe
measureddistance����� � to eachneighbor��� .

Let
�

�

��� � representthe unit vectorin the directionfrom
�

��� to

�

�
� . Theforce

�

�

��� � in thedirection
�

�

��� � is givenby
�

�

��� �
	

�

�

��� �$�
�

�$��� �  ����� � ��� (2)

Theresultantforceon thenode
 is givenby
�

�

�
	

�

��� �

�

�

��� �
�

The energy � ��� � of nodes � � and � � due to the difference
in themeasuredandestimateddistancesis thesquareof the
magnitudeof

�

�

��� � , andthetotalenergy of node
 is equalto

� � 	

�

�

� ��� �
	

�

�

�

��$��� �  ����� ���

�

�

Thetotalenergy of thesystem� is givenby

� 	

�

�

� � �

Theenergy �
� of eachnode �

� reduceswhenit movesby an
in�nitesimal amountin thedirectionof theresultantforce

�

�

� .
Theexactamountby whicheachnode�

� movesis important
for two reasons.First we mustensurethat the new position
hasa smallerenergy than the original position;second,we
have to ensurethatsuchmovementdoesnot resultin a local
minima.

AFL canguaranteethe �rst conditionby calculatingtheen-
ergy at the new location beforemoving there to guarantee
that theenergy reduces.But thereis no simpleway to guar-
anteethat the move doesnot result in a local minima. We
empirically selectedthat eachnode moves by the amount

�

�

�

� � ��� �	�"��� , inverselyproportionalto the numberof neigh-
borsof �

� .

Section5 showsthatAFL hasalow probabilityof converging
to local minima.Evenif thegraphreachesa local minimum,
thefractionof nodesthatgetdisplacedtendsto besmall,thus
causingonly asmalldeformationin theresultinggraph.

5 Simulation results

We simulatedthe performanceof AFL varying graphsize,
nodeconnectivity, andrangingerror. Weevaluatedits perfor-
manceagainstanincrementalschemeandapuremass-spring
basedapproachthat did not usefold-freedom.We wrote a
Java3d-basedsimulatorto experimentwith, analyze,andvi-
sualizethe performanceandbehavior of the differentlocal-
izationalgorithms.2

All the simulationspresentedhereare 2D simulations.We
modelrangingerrorusinga uniform randomdistribution, as
a fraction of the true distancebetweenany two nodes.We
selecta singlesamplefrom the distribution to representthe
error, ratherthancollectingmultiple samplesover time and
averagingthem.Our simulationsthereforepresenta worst-
casescenario,becauseaveraginganumberof sampleswhose
errorsaresymmetricaboutthemeaneliminatesrangingerror.
In practice,theharderrorsto overcomeareone-sided[20], for
whichourexperimentalmethodis appropriate.

We selecta rangeto representthedistanceoverwhich nodes
cancommunicate.For agivenrange

�

, any two nodeswhose
distanceis lessthanR areconnectedby anedgeonthegraph.

In all thesimulations,wetakenecessaryprecautionsto reduce
thepossibilityof non-rigidgraphs,this becomesvery impor-
tantwhenwedosimulationswith low connectivity. Whende-
ploying nodeswe try to maintaina uniform local densityby
addingnodesto only thosepositionsthat have a numberof
neighborsbelow a certainthreshold(we selectthis threshold
basedon theaverageconnectivity of thegraph).

5.1 Mass-springwithout fold-fr eedom

In our �rst experiment,we studythe performanceof a pure
mass-springbasedalgorithmwithout fold-freedom.We sim-
ulate graphsof 30, 100, and 300 nodes,with averageper-
nodeconnectivities of four, eight and twelve for eachcase.
For eachcombinationof thegraphsizeandtheconnectivity
we run20simulationseachona randomtopology.

All of these ��
 ��
 ���#	 � � � simulationsresultedin local
minima.We detectthe onsetof a local-minimumcondition
whenthesquaresumof distanceerrorsdonotchangebymore
than � � � � , at which time we checktheGERto determineif
thegraphhasreacheda globalor localminimum.

Theresultsof theseexperimentsvalidatesourhypothesisthat
apuremass-springalgorithmdoesnotwork withoutgoodini-

2Weplanto releasethesimulatorandvisualizerin thepublic domain.
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Figure15:Thefractionof thetimeapureincrementalscheme
did not work andthe fractionof nodesthat could not be lo-
calized.

tial positionestimates.In all thesecases,wewereableto ver-
ify that the reasonsfor local minima werefoldedcon�gura-
tions.

5.2 AFL v. incrementalscheme:Nodeconnectivity

As discussedin Section3, we canapproachthe anchor-free
localizationproblemeitherincrementallyor concurrently(as
in AFL). Thegoalof our secondsetof experimentsis to ex-
aminetheperformanceof anincrementalanchor-freescheme
underdifferent degreesof connectivity and underdifferent
rangingerrors.Our hypothesisis that AFL's concurrentap-
proachis able to work in more casesthan the incremental
approach.

We deploy a numberof nodesin a squarearea.Thenodede-
ploymentis random;we selecta randompoint in thesquare
to placeanodeandcheckif thenumberof nodeswithin range
of thatnodeis lessthan � , thedegreeof connectivity we are
trying obtain.Then,weadjustthegraphby repeatedlyremov-
ing any nodethatis connectedto restof thenodesby lessthan
threelinks. This is essentialfor afair analysisof theposition-
ing schemesincea nodehasto beconnectedto at leastthree
otherpointsfor auniquesolutionto its position.

With thenodecon�guration in place,we examineif we can
incrementallyobtain the position information of the nodes,
startingwith threenodesthatcanall heareachother. We per-
form anexhaustive searchon thesetof nodesto seeif there
aresomethreestartingnodesthat allow us to incrementally
solve for the location information of all the nodes.In this
sense,our resultsareanabsolutebest-casefor anincremental
scheme,becausetheexistenceof evenonetriplet thatworks
properlyis consideredasuccessfor theexperiment.

Figure15showsthefractionof timewecould�nd somethree
nodesfor incrementallocalizationasa functionof nodecon-

 0

 0.2

 0.4
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 1

 4  6  8  10  12  14

fraction of successful trials

Figure16: The fraction of the time our algorithmcould not
localizea graph.

nectivity. As wecansee,evenfor highly connectednetworks
with anaverageconnectivity of seven,theincrementallocal-
izationmethodfails mostof thetime. This graphalsoshows
theaveragefractionof thenodesthat cannotbe localizedin
eachcase.As wecansee,thepureincrementalschemefail to
localizea largefractionof nodesevenunderaverageconnec-
tivities ashighasseven.

We run AFL on the samesetof graphs.Figure16 givesthe
resultsof this experiment.As we canseeour algorithmper-
forms muchbettereven for graphswith small connectivity.
Thisdemonstratesour hypothesis.

5.3 AFL v. incrementalscheme:Rangingerror

Ourthird setof experimentsexploresalargeparameterspace,
varying both rangingerror aswell asaveragenodeconnec-
tivity. The primary goal of theseexperimentsis to evaluate
whetherour hypothesis,that AFL's concurrentfold-free ap-
proachis morerobust to rangingerror thanthe incremental
approach.We �nd that the robustnessto error at any given
errorratedependson thenodeconnectivity, soour resultsare
three-dimensionalgraphsshowing surfaces.

Eachsimulationin this setof experimentsis on a 250-node
graphin averageandwe ran 50 simulationsto obtain each
pointon thegraphsdescribedbelow.

Figure17showstheperformanceof theAFL algorithmunder
differenterror ratiosanddifferentconnectivities.Theresult-
ing GERvaluesareverysmall.TheGERrepresentsthesum
of the errorsamongindividual pointson the graph.Hence,
a small GER valuemustcorrespondto small changeto the
overall structureof thegraph.

Figure 18 shows the ratio of the GERsof the incremental
schemeandAFL. TheAFL algorithmclearlyoutperformsthe
incrementalversion;this ratio is alwayslarger than4, andis

10



GER

 5  6  7  8  9  10  11  12  13
Connectivity  0.01

 0.02
 0.03

 0.04
 0.05

 0.06
 0.07

Fractional error

 0

 0.0002

 0.0004

 0.0006

 0.0008

 0.001

 0.0012

Figure17:Thevalueof global-error-ratiofor AFL underdif-
ferenterrorandconnectivities.

GER ratio

 8
 9

 10
 11

 12
 13

Connectivity

 0.01
 0.02

 0.03
 0.04

 0.05
 0.06

 0.07
 0.08

Fractional error

 4
 6
 8

 10
 12
 14
 16
 18
 20
 22

Figure18:Ratioof GERof incrementalschemevs AFL.

oftenlargerby morethan10,anorderof magnitude.Thera-
tio increaseswith small increasesin rangingerror (which is
nevermorethan1%in theexperiments).

Figure19 shows themaximumerrorbetweenany two nodes
afterrunningtheAFL algorithm.Whenthegraphundergoes
somephysicaldeformation,this is identical to somepoints
in thegraphmoving with respectto otherpoints.Hencethe
maximumerror betweenany two pointscorrespondsto the
maximumdeformationthe graphhasundergone.Figure19
showsthesuperiorperformanceof AFL underrangingerrors,
sincethemaximumdistanceerrorbetweenany two pointsis
small mostof the time. In mostcasesthe absoluteposition
erroris smallerthantheradiorange,showing a degreeof ro-
bustnessto errorthatis signi�cantly betterthanin previously
publishedschemes.

Finally, Figure20 shows theratio of themaximumerrorbe-
tweenany two unconnectednodesin the incrementalalgo-
rithm andAFL. As mentionedearlier, themaximumerrorbe-

(Maximum AFL error)/(range)
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Figure 19: Maximum error betweenany two unconnected
nodesasa fractionof therange.
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Figure20:Theratioof themaximumerrorsbetweenany two
unconnectednodesin incrementalandAFL respectively .

tweenunconnectednodesis a good measureof the overall
structuralaccuracy of the resultinggraphs.Henceas far as
total structuralrigidity is concerned,AFL easilyoutperforms
theincrementalalgorithm.

6 Conclusion

Many sensornetwork applicationsrequirethat eachnode's
sensorstreambeannotatedwith its physicallocationin some
commoncoordinatesystem.Manualmeasurementandcon-
�guration methodsfor obtaininglocationdon't scaleandare
error-prone,andequippingsensorswith GPSis oftenexpen-
sive and doesnot work in indoor and urbandeployments.
Sensornetworkscanthereforebene�t from aself-con�guring
methodwherenodescooperatewith eachother, estimatelo-
cal distancesto their neighbors,andconvergeto a consistent
coordinateassignment.
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This paperdescribesa fully decentralizedanchor-free algo-
rithm calledAFL thatsolvesthisproblemin many situations.
In AFL, nodesstartfrom acompletelyrandominitial coordi-
nateassignmentandconvergeto a consistentsolutionusing
only local nodeinteractions.Nodesin AFL operateconcur-
rently, ratherthan incrementally, andour simulationresults
show that this approachproducesgood coordinateassign-
mentssubstantiallymoreoftenthananincrementalapproach.
For example,on randomgraphsbasedon RF connectivity,
whenthe averagenodeconnectivity is to 7 or fewer neigh-
bors, the incrementalschemealmostnever works whereas
AFL does.

Thekey ideain AFL is fold-freedom, wherenodes�rst con-
�gure into a topologythat resemblesa scaledandunfolded
versionof the truecon�guration,andthenrun a force-based
relaxationprocedure.Fold-freedomreducesthelikelihoodof
lapsing into local minima by avoiding “folded” con�gura-
tions, and is crucial to the ability of nodesin AFL to work
concurrently. Our simulation resultsshow that AFL is an
order-of-magnitudebetter than incrementalanchor-free ap-
proaches.

Several directionsfor futurework presentthemselves.First,
wewouldliketo makepreciseclaimsaboutwhenAFL works
and when it doesn't, by formally proving theoremsabout
fold-freecon�gurations.Second,wehavestartedimplement-
ing AFL on a large location-awarebeaconand sensornet-
work, andlook forward to evaluatingits performanceunder
real rangingandconnectivity conditions.Third, we plan to
compareAFL againstanchor-basedapproachesinsofaraspo-
sition accuracy is concerned(even thoughthey solve a dif-
ferentproblembecausethey rely on theexistenceof anchors
andrequirealargenumberof anchorsfor goodperformance).
While a comparisonagainstpublishedsimulationresultsof
theotherschemesshowsAFL in goodlight, a directcompar-
isonandanalysisis needed.

We alsobelieve thatour methodfor obtainingfold-freecon-
�gurations hasapplicationsbeyondranging,includingin the
designof self-con�guring scalableroutingsystemsfor large
wirelessandsensornetworks. This is becausethe polar (or
equivalentCartesian)coordinatesresultingfrom thefold-free
procedureformsa naturalframework overwhich to run scal-
ablegeographicrouting,withoutrequiringany actuallocation
system.
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