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Abstract

Many sensometwork applicationsrequirethat eachnodes
sensoistreambe annotatedvith its physicallocationin some
commoncoordinatesystem.Manual measuremerand con-
guration methodsfor obtaininglocationdon't scaleandare
errorprone,andequippingsensorwith GPSis oftenexpen-
sive and doesnot work in indoor and urban deployments.
Sensonetworkscanthereforebene t from aself-con guring
methodwherenodescooperatevith eachother, estimatelo-
cal distancego their neighborsandcorvergeto a consistent
coordinateassignment.

This paperdescribesa fully decentralizedalgorithm called
AFL (AnchorFree Localization) where nodesstart from a
randominitial coordinateassignmenandcorvergeto acon-
sistentsolution using only local nodeinteractions.The key
ideain AFL is fold-freedomwherenodesrst con gure into
a topology that resembles scaledand unfoldedversionof
the true con guration, andthenrun a force-basedelaxation
procedureWe shav usingextensie simulationsunderavari-
ety of network sizes,nodedensitiesanddistanceestimation
errorsthat our algorithmis superiorto previously proposed
methodghatincrementallycomputethe coordinate®f nodes
in thenetwork, in termsof its ability to computecorrectcoor
dinatesunderawider variety of conditionsandits robustness
to measuremergrrors.

1 Intr oduction

Physicallocationis animportantattribute of a sensors data
streamin a large numberof sensometwork applicationsin
addition, geographicinformation, for instancein the form
of nodecoordinatesn somecommoncoordinatesystem,is
a useful primitive in routing protocolssuch as geographic
routing [16], information disseminationprotocols such as
directeddiffusion using location attributes[15], and sensor
qgueryprocessingystemg17].

This papempresenta methodto facilitatelarge-scaledeploy-
ment of location-avare sensometworks. The main idea of
this paperis to shav that large networks of location-avare

sensorscan be madecooperatiely self-con guring, that s,
thateachsensorcanrunanalgorithmlocally, interactingonly
with neighboringnodes suchthatafteranumberof iterations
all sensorsill have reacheda consensugabouttheir coordi-
natesin somecoordinatesystem.By doing this in an auto-
matedmannerlarge-scalesensometworks caneliminatethe
cumbersomandunscalablgrocesf manuallycon guring
sensomodeswith theirlocation.

In non-urbanoutdoorsettings hodesmay obtainlocationin-
formationusingan existing infrastructuresuchasGPS[13].
However, GPS receiers may be too expensve, too large,
or too powerintensie for the desiredapplication.In mary
outdoorurbanernvironmentsandmostindoor ervironments,
GPSis notavailable.Onesolutionto this problemis analter
native locationinfrastructuresuchasBat[11] or Cricket[20]
thatworksin placesthat GPSdoesnot. Anothersolutionto
theseproblemsis to equipsensoravith hardware capableof
estimatingdistancego nearbynodesandto have the sensors
themselesself-con gureinto aconsistentoordinatesystem.

In contrastto the GPS with its few dozen satellitesand
ground-basednonitoring centers alternatie infrastructures
suchas Cricket employ hundredsor thousandsf inexpen-
sive positionbeaconso providelocationinformationoverex-
tendedareasThislargenumberof nodesaisesadeployment
issue:how cananextendeddeploymentbeef ciently con g-
uredfor initial operationandef ciently maintainedfor con-
tinuing operation?Autonomouslyoperatinglocation-avare
sensomnetworksfacethe sameproblem.

This paper solves the following problem: Given a set of
nodeswith unknownpositioncoominates,and a metanism
by which a nodecan estimateits distanceto a few nearby
(neighbor)nodes,determinethe position coordinatesof ev-
erynodevialocal node-to-nodeommunicationOursolution
to this problemis fully decentralizedall nodesstartfrom a
randominitial coordinateassignmenanduseonly local dis-
tanceestimatedo corverge to a coordinateassignmenthat
is consistentvith the distanceestimatedy exchangingonly
local information. The resulting coordinateassignmenthas
translationand orientationdegreesof freedom,but is cor



rectly scaled A post-processouldincorporateabsoluteosi-
tion informationinto threeor four nodes(from building con-
ventions,suney data,or GPS)to remove the translationand
orientationdegreesof freedom.

Some previous work on this problem assumeghat a non-
negligible fraction of nodesin the network areandhor nodes
thatalreadyknow theirlocation[2, 7,21, 23]. In contrastwe
pursuedan anchorfree approacHor threereasonsFirst, es-
tablishinganchorss a manualdeploymenttask,andmay be
cumbersomeSecondthenumericalstability of anchorbased
approaches$s questionablesincethey give more weight to
anchorpositionestimatesanderrorsin thoseestimateswill
have undueeffect on the global solution. Finally, anchor
basedapproachesnay not scalewell, sinceto combatthe
instability describedabove, a large numberof anchorsmay
berequiredto con gure anunboundedvorking area.

Another classof algorithmsproceedincrementally starting
from a small coresetof nodesthatknow their location,and
addingnodego anexisting,con gurednetwork oneatatime
orin groupg21]. Thiscanbedoneif anodeattemptingo join
theexisting network cansuccessfullyestimatdts distanceso
threeor four nodesthat are alreadycon gured. We show in
this paperthat suchincrementalapproachefave two major
problems: rst, they may not solve the problemeven when
a valid coordinateassignmengxists, and second,errorsin
localdistanceestimate®ftentendto cascaddgeadingto large
globalerror.

Our contrikution is an algorithm called AFL (AnchorFree
Localization),a concurent and anchor-free solution to the
problem.We shaow that this combinationhassigni cant ad-
vantagesover several previous approacheddowever, realiz-
ing suchanalgorithmis a non-trivial problem,becauseon-
currentapproachetendto fall into falseminima,whereeach
nodebelievesit isin anoptimalpositionbuttheglobalcon g-

urationis incorrect.In particular the classicapproacho ob-
taininga concurrentalgorithmis to modelthe nodesaspoint
massesonnectedisingsprings anduseforce-directedelax-
ationmethodgo corvergetowarda minimum-enegy con g-

uration.Suchforce-directednethodsaresusceptibld¢o severe
falseminima.

Thekey ideain AFL thatalleviatesthefalse-minimunyprob-
lemis fold-freedomBasedntheobsenationthatmary false
minimaarecausedecaus@odesoperatingonlocalinforma-
tion corvergefalselyto con gurationswheregroupsof nodes
aretopologicallyfoldedwith respecto thetruecon guration,
AFL seekdgo rst con gure nodesinto a “fold-free” con g-

urationthatis (loosely speaking)a scaled-upunfoldedand
locally distortedversionof the true con guration. After this
is done thenodesunaforce-basedelaxationprocedurdak-
ing careto not seriouslyviolate fold-freedom.Theresultis a
correctsolution,or graphembeddingfor alargeclassof input
networksin practice While we don't yet have a proof of cor
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Figurel: Examplesof graphsthatarenotrigid ( e xible asa
barand-jointframework), rigid but not globally rigid (mul-
tiple embeddings)andglobally rigid (one embeddingup to
rotation,translationandre ection).

rectnesdor exactly when AFL works andwhenit doesnot,

we showv using extensive simulationsundera rangeof net-
work sizes,nodeconnectvity anddensitiesanddistancees-
timationerrorsthatAFL outperformancrementahlgorithms
by bothbeingableto corvergeto correctpositionswhenin-

crementablgorithmsdo not, andby beingsigni cantly more
robustto errorsin local distancesstimates.

2 Termsand de nitions

This sectionde nes usefulnotationandterms,andformally
de nes the problem.For easeof exposition,we restrictour
de nitions to two dimensions,but AFL appliesto three-
dimensionahodeplacemenaswell.

2.1 Problemde nition

Consider nodeslabeled at unknawn distinctlo-
cationsin somephysicalregion. We assumehatsomemech-
anismexiststhroughwhich eachnodecandiscoverits neigh-
bor nodesby establishingcommunicatiorwith thosenodes,
and can estimatethe range(separatiordistance)to eachof
its neighborsFor example,neighborinformationmaybe ob-
tainedusingradiolinks, while rangeinformationmay be ob-
tainedusingradiocoupledwith ultrasonicor acousticsignals.
Eachdiscoveredneighborrelationshipcontributesone undi-
rectededge inagraph overthenodesWedenote
by therange, or estimateddistancebetweemodes and
,andby theactualdistancebetweemodes and .

Given a collectionof  nodes,and the distancemeasure-
mentsof eachnodeto its neighborsthe goal is to produce
a setof coordinateassignments that are consistentwith
all distancemeasurementghat is, an assignmenbf points
for all and suchthat the distancebetween and

for all . Notethatthis positionassign-
mentcanbe uniqueonly up to anarbitraryrotation, transla-
tion, andpossiblere ection, but its scaleis determinedy the
measuredanges.

However, for somegraphs,the position assignmenis not
unigueeven up to rotation, translation,andre ection. Refer



Figure2: A graphconsistingof 16 nodes displayedat their
truepositions.

to Figure 1. If we treatthe graphas a barand-jointframe-
work, the graphshouldbe rigid in the sensethatit cannot
be e xedwhile preservingthe distanceqasin a rectangle,
for example).Evenif the graphis rigid, it may be subjectto
“local ips”. For example,if therearejusttwo trianglesshar
ing an edge,onetriangle canbe re ected throughthatedge
without ary distanceschanging.We call sucha graphrigid
but not globally rigid. For autolocalizatiorto work givenjust
edgelengths,we needa globally rigid graphthathasexactly
one embeddingWe elaborateon this connectionto rigidity
theory andknown resultsaboutgloballyrigid graphsjn Sec-
tion 3.2.

Evenif the graphis globally rigid andhasa uniqueembed-
ding, it is NP-hardto nd the correctembeddingin gen-
eral[24, 25]. Most solutionshave failure modeswherethey

fall into falseminimaor simply don't work for certaintopolo-
gies (e.g., incrementalmethodsdon't work well unlessthe
nodedensityis high). Furthermorein practice distanceesti-
mationerrorsoccut, which may cascaden certainsolutions
to producehighly erroneougon gurations.

2.2 Performancemetric

In previous work on the localization problem, researchers
have usedthe averagepercentagerror of the calculateddis-
tancescomparedto the true distancebetweenneighborsas
a measureof the algorithm's performancd2, 21]. While in-
structive, this metricdoesnot fully capturetheintendedgoal
of thecon gurationalgorithm,whichis to producecoordinate
assignmentthat‘resemble’thetruecon guration'stopolog-
ical propertiesFor exampleconsiderthe graphof nodesin
Figures3 and4. These gures shav two modi ed versions
of the graphin Figure2 wherethe averageerrorratio is
comparedto the original graph. Comparedto the graphin
Figure3, it is visually obviousthatthe graphin Figure4 is a

Figure3: A modi ed versionof thegraphin Figure1l5where
theaverageedgelengtherroris 5%.

Figure 4: Another modi ed versionof graphin Figure 15
wherethe averageedgelengtherroris 5%.

muchbetterapproximatiorof the true con guration. Simply
reportingthe averagepositionerror doesnot capturethe true
behaior of auto-localizatioralgorithms.

To capturethis globalstructuralproperty we introducea met-
ric calledthe Global Eneigy Ratio (GER) Theglobalenegy
ratio is the root-mean-squaraormalizederror value of the
node-to-nodelistanceswheretheerror  is the difference
betweenthe true distance  andthe distancein the algo-
rithm'sresult , and s the normalizederror, equalto

GER 1)

This measurecapturesboth the edgelength errorsand the
structuralerrorof thegraph becausé hascontributionsfrom



bothnodeghatareneighborsaswell asnodeghatarenot. As
anexample theGERof thecon gurationin Figure3is ,
while the GERof the con gurationin Figure4 is f all
the estimatedranges  betweenneighbornodesare equal
to thetrue  values,andif the true con guration is rigid,
thenanideal algorithmwill producea resultwhoseGER =
0.Because compares with ratherthanwith |, the
GERmetricalsocapturegheerrorsin the nal con guration
causedy erroneousangeestimates.

3 Relatedwork

Previous researcthasaddressedariousversionsof the dis-
tributedlocalizationproblem.We characterize¢he distributed
algorithmsdevelopedto solve this problemin two different
ways. The rst characterizationis accordingto whetheror
not they rely on anchor nodes which arenodesthatarepre-
con gured with their true position. The secondis basedon
whetherthey areincrementalor concurentalgorithms.

Anchor-basedalgorithms. Algorithms that rely on anchor
nodesassumehat a certainminimum numberor fraction of

the nodesknow their position,e.g.,by manualcon guration
or using someotherlocation mechanismThe nal coordi-
nate assignmenbf individual nodeswill thereforebe valid

with respectto anotherpossibly global coordinatesystem.
Any positioningschemebuilt aroundsuchalgorithmshasthe
limitation thatit needsanotherpositioningschemeto boot-
strapthe anchomodepositions,andcannotbe easilyapplied
to ary context in which anotherlocation systemis unavail-

able (e.g.,strictly interior to a building). It turnsout thatin

practicea large numberof anchornodesare neededor the
resultingpositionerrorsto beacceptabl¢21].

Anchor-fr eealgorithms. In contrastanchorfreealgorithms
uselocal distanceinformationto attemptto determinenode
coordinatesvhenno nodeshave pre-con guredpositions Of
course,ary suchcoordinatesystemwill not be uniqueand
canbe embeddednto anotherglobal coordinatespacein in-
nitely mary ways,dependingn globaltranslationyotation,
and possibly ipping. This limitation is fundamentako the
problemspeci cation,andis notalimitation of thealgorithm.

If the coordinatesassignmentsnustconformto anotherco-

ordinatesystemsuch as GPS, ary algorithm that doesnot
useanchornodescaneasily be corvertedto a onethatuses
a small numberof anchornodesby addinga nal transfor

mationwhereall the nodecoordinatearetransformedising
three(in 2D) or four (in 3D) anchomodes.

Incrementalalgorithms. Thesealgorithmsusuallystartwith
acoreof threeor four nodeswith assigneatoordinatesThen
they repeatedlyadd appropriatenodesto this setby calcu-
lating the nodes coordinatesisingthe measuredlistanceso
previousnodeswith alreadycomputedcoordinatesTheseco-
ordinatecalculationsarebasedn eithersimpletrigonometric
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Figure5: Nodesinvolvedin atypical incrementaloptimiza-
tion.
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Figure 6: Nodesinvolvedin a typical concurrentoptimiza-
tion.

equationor somelocal optimizationscheme.

A drawbackof incrementahblgorithmsis thatthey propagate
measuremergrrors,resultingin poor overall coordinateas-
signmentsSomeincrementabpproacheapplyalaterglobal
optimizationphaseto balancesucherror, but it remainsdif-
cult to jump out of local minima introducedby the local
optimizationin theincrementaphase.

Concurrent algorithms. In thesealgorithms,all the nodes
calculateand re ne their coordinateinformation in paral-
lel. Someof thesealgorithmsuse an iterative optimization
schemethat reducesthe differencebetweenmeasuredlis-
tancesandthe calculateddistancesasedon currentcoordi-
nateestimates.

Concurrentoptimization schemeshave a better chanceof
avoiding local minimacomparedo incrementascheme®s-
peciallyundermeasuremergrrors,becausehey continually
balanceglobal error andtherebytry to avoid error propaga-
tion. For example considerFigure5, which shavs nodeposi-
tionsfrom atypicalincrementabptimizationschemein con-
trast,Figure 6 shows the samesetof nodesinvolvedin typi-
cal concurrenpptimization.As we cansee thelayoutof the
nodesnvolvedin theseoptimizationamorefrequentlyresults
in anincorrectcoordinateassignmentor local minima) for
theincrementaschemecomparedo the concurrenscheme.
A morethoroughexperimentalcomparisoncan be found in
Sectionb.



Previously proposedoncurrentlgorithmsalmostalwaysuse
anchornodes.The anchornodeswith known positioninfor-

mation help avoid local minima during the optimization.In

contrastAFL avoidstheuseof anchomodeswhile its initial

phaseof building a fold-free con guration helpsavoid local
minimaduringthe optimization.

3.1 PreviousAuto-localization Systems

Dohertyet al. describean anchorbasedalgorithmfor local-

ization using only connectvity constraintsamongbeacons.

They representhe connectities asa setof corvex position
constraintsand usea centralizedlinearprogrammingalgo-
rithm to solve for the nodepositions.

Bulusuet al. describea GPS-lesschemeahatusestheradio
connectvity of anodeto a setof anchornodesto determine
its coordinateg2]. The coordinateof non-anchonodesare
obtainedby calculatingthe centroidof all the anchordn the
nodesradio-rangeThisis aconcurrenglgorithm,but it does
not useary optimization.In simulations they achieve about
12% localizationerror with approximatelyl2 anchornodes
pernon-anchonode(— where istheradiorangeand

is the separatiorbetweeranchors)Theratio of the anchor
nodesto non-anchonodess ratherlarge.

The ABC algorithm is an incrementalalgorithm that does
not useanchornodes[21]. ABC rst selectsthreein-range
nodesand assignthem coordinatedo satisfy the inter-node
distancesthenit incrementallycalculateghe coordinateof

nodesusingthe distancego threenodeswith alreadycalcu-
lated coordinatesThis simpleincrementaschemeresultsin

error propagationThe authorsreportthat with 5% rangeer-

ror, ABC resultsin about60% averagepositionerror, which

is larger thantolerablein mary situations.This is a conse-
guenceof cascadinggrrorsin incrementakolutions.

The Terrain algorithm, another anchorbased algorithm,
builds on ABC [21]. Eachanchorstartsthe ABC algorithm.
Usingthe coordinatesssignedisingABC, eachnodecalcu-
latesthe distancedo at leastthreeanchors.Theneachnode
performsaconcurrenpptimizationusingthedistancego the
anchoraandtheanchorcoordinatesTheauthorseportabout
25% position error (actual offset of the nodeposition from
thetrue position)with 5% rangeerror. They alsomentionthat
positionerrorsshav a high varianceandpossibility of diver
genceduringthe optimizationphaseA relatedalgorithmfor
localizing nodesin an ad hoc network useshop-countand
radio strengthasdistancemeasureshut assumesearlyuni-
form nodedensityandno occlusion[18].

Savareseet al. describesa two-phase,anchorbased,con-
current, localization algorithm [22]. The rst phaseof the
algorithm, Hop-Terrain, is a variant of Terrain, and is ro-
bustagainstrangingerrors.Thesecondohasds a simulated-
annealingbasedptimization.With 5% rangeerrors,10% of
the nodesbeinganchorsand 12 neighborgper node,this al-

| | Incremental | Concurrent |
Collaboratye- Terrain[21]
Anchorbased| multilater'n[23] | Hop Terrain[22]
AOA [19] GPS-les$2]
Anchorfree ABC [21] AFL (this paper)

Tablel: A characterizationf localizationalgorithms.

gorithmresultsin about12% averagepositionerror.

Savvides et al. describe a collaborative multilateration

schemeananchorbasedocalizationalgorithm[23]. Here,a

nodesolves a setof over-constrainecequationsrelating the

distancesamonga set of anchorsand a set of non-anchor
nodes(including itself). For a samplegraphof 300 nodes,
the algorithmneedsabout30 (10%) anchornodesto calcu-
late the locationof the othernodes Iterative multilateration,

anincrementatomponenbf their algorithm,producesode
positionerrorswithin  cmof anodeSactualpositionswhen
the rangingerroris small ( cm, Gaussian-distrilnted). This

experimentconsistsof  nodeswith a m rangingsystem,
deployedin a squaregrid of m, andwith 10% of the

nodesheinganchors.

Niculescuet al. presentan anchorbased distributed algo-
rithm thatuses angle-of-arrival(AOA) for localization[19].
In this algorithm, nodesiteratively obtain position and ori-
entationinformationstartingfrom anchor(landmark)nodes.
Onepotentialproblemwith this approachs thatusingangle-
of-arrival is expensve and obtainingpreciseangleestimates
is oftendif cult.

Howardetal.'slocalizationschemausingspring-basedelax-
ationis perhapghe closestto our work [14]. In their system,
robotsequippedwith odometricequipmentmove throughan
ernvironment,seedingbeaconswith approximateinitial po-
sitions, from which the beacongun a distributed relaxation
procedureWhile theproblemsetupis differentfrom oursbe-
causeof the assumptiorof having active robotsto seedthe
systemwe discusscertainsimilaritiesin Section4d whenwe
describethe detailsof AFL.

Bulusu et al. study the performancecharacteristicof dif-
ferent RF-basedbeaconcon guration algorithmsand con-
clude that nodedensityis an importantdeterminanof per
formance[3]. This paperalso containsa detailedsuney of
variousbeacon-baselbcalizationschemes.

Table 1 cateyorizesthesealgorithmsaccordingto the taxon-
omy developedearlier BecauseAFL doesnot use anchor
nodes,it can provide localizationwithout an existing loca-
tion system AFL usesa concurrenbptimizationschemehat
is robustagainstmeasuremergrrors.



3.2 Previous Geometric Work

Givenanabstracgraphwith a speci edlength(positive real
number)for eachedge whencanthegraphbeembeddedhto
2D or 3D while satisfyingthe edgelengths?Whenis such
anembeddingunique(up to globaltranslation rotation,and
re ection), andthereforea reliablereconstructiorof the de-
sired geometry?Both of thesequestionshave received con-
siderableattentionin boththe discretegeometryandcompu-
tationalgeometrycommunities.

Deciding whethera graph with edge lengths can be em-
beddeds NP-hardin general[25]. Basically trianglesform

rigid structuresbut can be independentlyipped (folded),

anddecidingwhethera string of trianglescanbe folded left

andright to make a particularlengthis equialentto subset
sum.Saxe [24] provedthe strongeresultthatthe problemis

stronglyNP-hardevenfor embeddingnto 1D.

A graphwith speci ed edgelengthswhich hasa uniqueem-
beddingis called globally rigid [4, 12], a variation on the
well-studiedconceptsin rigidity theory[5, 10, 9]. Because
global rigidity canbe expressedasthe uniquenes®f a so-
lution to a systemof algebraicconstraints(specifying dis-
tanceshetweensomepairs of vertices),globalrigidity is al-
mostalwaysa propertyof the underlyinggraph,not the spe-
ci ¢ edgelengths.(“Almost always” is a measure-theoretic
notion, meaning“with probability " underary reasonable
probability distribution.) A graph (without edgelengths)is
genericallygloballyrigid if, for almostary realizableassign-
mentof lengthsto theedgesit is globally rigid.

Hendrickson12] shavedthat,for a graphto be generically
globallyrigid in  dimensionsijt mustbe -connected
andtheremoval of any edgemustleavethegraph‘generically
rigid” [5, 10, 9]. Both of thesepropertiescanbe checledin
polynomialtime. Connelly[4] provedthatthesetwo proper
ties arenot enough:they do not imply genericglobal rigid-
ity in 3D. However, Hendricksonconjectureghat thesetwo
propertiesare enough,exactly characterizinggenericglobal
rigidity, in 2D.

Embeddinga graphwith givenedgelengthsalsoarisesn the
contet of reconstructinghe geometryof molecularstruc-
turesin anareacalleddistancegeometry seee.g.[6]. In this
contt, distancemeasurementare substantiallylessaccu-
rate,andseveraltechniquediave beendevelopedto re ne es-
timatesandreduceerror boundsby combiningseveral con-
straints.On the algorithmic side, Berger et al. [1] give ef-
cientalgorithmsfor embeddinggraphwith errorproneedge
lengths,evenwhennearlyhalf of the edgesmight have com-
pletelyinaccuratdengths.However, thesealgorithmsrely on
every nodehaving a constantraction of the nodesasneigh-
bors,for atotal of links between nodeswhichdoes
notscalein our context.

4 AFL algorithm
4.1 Overview

TheAFL algorithmproceedsn two phasesThe rst phasds
a heuristicthat producesa fold-free graphembeddingvhich
“looks similar” to the original embeddingThe secondohase
usesa mass-springpasedptimizationto correctandbalance
localized errors. We begin with a summaryof the second
phaseto illustrate the needfor and importanceof the rst
phase.

To understandhe importanceof fold-freedom,considerthe
classicaimass-springptimizationmethod Here,weimagine
eachedgein thegraphasa springbetweertwo masseswith
arestlengthequalto the measuredlistancebetweerthe two
nodeslf thecurrentestimatedlistancebetweertwo nodess
greaterthantheir true (measured)ength, the springincursa
force that pusheshemapart.On the otherhand,if the esti-
mateddistanceis larger thanthe true distance a force pulls
themtogetherDifferentmass-springchemesle ne themag-
nitude of theseforcesdifferently, but the optimizationpro-
ceedsessentiallyin the sameiterative manner:at eachstep,
nodesmoave in the direction of the resultantforce. At ary
node,the optimizationstopswhenthe resultantforce acting
onit is zero;the global optimizationstopswhenevery node
haszeroforceactingonit. In the optimization,if the magni-
tudeof theforcebetweereverypairof neighbomodess also
zero (i.e., the global enegy of the systemmeasureds the
sum of squaresf the forcesis zero),thenthe optimization
hasreachedhe globalminimum; otherwise jt hasreached
local minimum.

Mass-springptimizationis usedheaily in the eld of force-
directedgraph drawing [8]. In force-directedgraph draw-
ing, the mass-springnodelandoptimizationareusedto nd
somelocal minima ideally representingnice” drawings of
graphsHowardet al. [14] describethe useof this technique
for generallocalization.In this paper the authorsmention
that the mass-springapproachcan corverge to local min-
ima ratherthanthe global minimum. This is the fundamen-
tal problemwith unconstrainednass-springptimizations—
whennodesstartwith arandominitial coordinateassignment,
mass-springptimizationhasa high probability of corverg-
ing to local minimum.For example Figure8 shavsthegraph
we obtainby applyingspring-mas®ptimizationto the graph
in Figure 7 with randominitial coordinateassignmentsln
Section5, we shav that mass-sprindbasedoptimizationin-
deedhasa high probability of reachingalocal minimum.

Through simulationswe obsened that local minima in a
spring-basedptimization are most often characterizedy
sectionsof the graph“folding over” with respecto the true
con guration. Becausefolds involve groups of nodesthat
have all folded over, their local interactionsare both correct
andstrongandthereisn't enoughresultanforceexercisedby



Figure7: A graphwith sixteennodeswith nodesattheirtrue
positions.

Figure 8: The graphobtainedby applyingmass-springpti-
mizationto the graphin Figure7 with arandominitial coor
dinateassignment.

the nodesneighboringthe fold to unfold the groupandim-

proving the global enegy. Thus, the goal of the rst phase
of AFL is to designaninitial “fold-free” coordinateassign-
ment.In fact, our obsenation of folds causinglocal minima
may shedlight on a point madeby Howard et al. [14], who

foundthatlocal minimadid not seemto occurfrequentlyin

their experimentalsetup.Their experimentswere donewith

robotsequippedvith odometricequipmentnoving aroundto

provide initial coordinatego beaconsandthisin factled to

approximatelyfold-freeinitial con gurationsfrom whichthe
force-directedptimizationswork better

4.2 Generatinga fold-fr eecon guration

The goal of the rst phaseof AFL is to embedthe graph
structurallysimilar to the original embeddingMore specif-

Figure9: First stepof thefold-free phase- electing

ically, thealgorithmtriesto avoid folds in theresultinggraph
comparedo the original graph.We formally de ne a fold-
freeembeddingf agraphto be onewhereevery cycle of the
embeddinghasthe correctclockwise/counterclockwiseri-
entationof nodes,moduloglobal re ection, with respectto
the original graph! We do not guaranteethat our heuristic
producessuchanembeddingbut it is our motivating princi-
ple. Our heuristicappliesto both 2D and3D graphs but for
clarity wefocusonthe2D version;the 3D versionis asimple
extension.t operatesn distributedfashion.

We startwith someterminologyandassumptiondiVe assume
thateachnodehasa uniqueidenti er; theidenti er of node

is denotedby . We usethe phrasehop-countbetween
nodes and to meanthe numberof nodes alongthe
shortestradio pathbetweemodes and . We assumesym-
metricallinks betweemodesmakingthegraphis undirected,
so that . In practice,this heuristicworks on a
neighborgraphthatassumesnly radioconnectvity, without
using accurateranginginformationfrom othertechnologies
likeultrasound.

The algorithm rst elects ve referencenodes Four of these
nodes , , ,and areselecteduchthatthey areonthe
peripheryof the graphandthe pair is roughly per
pendicularto the pair . Thenode is electedsuch
thatit is in the “middle” of the graph.These ve nodesare
electedn vesteps.

Step 1. Selectan arbitrarynode —a simple way to
achieve this in distributed fashionis to pick the node
with smallest . Then, selectthe referencenode
tomaximize ;i.e, isanodethatisthemaximum
hop-countaway from node  (Figure9). Any ties are
brokenusingthenodes

Step2. Selectreferencenode  to maximize  (Fig-
ure10). Any tiesarebrokenusingthenodes

Step 3. Selectreferencenode  to minimize

1This notion is similar to the combinatorialembeddingusedin planar
graphsandtheordertypeusedin pointsets/ completegraphs.



Figure13: Fifth stepof thefold-free phase- electing

Figure 14: The graph obtainedafter running the fold-free
phaseon Figure2(zoomecdbut).

. In general,several nodesmay all have the same
minimum value,andthe tie-breakingrule is to pick the
nodethatmaximizes from the contenders.

This stepselectsa nodethatis roughly equidistanfrom
nodes and andis“faravay”’from and (Fig-
urell).

Step4. Asin thepreviousstep,selectreferencenode

to minimize . Now, breakties differently:
from amongseveral potentialcontendeinodes pick the
nodethat maximizes . This optimization selectsa

noderoughly equidistanfrom nodes and while
beingfarthesfromnode  (Figurel2).

Step5. Asin thepreviousstep,selectreferencenode
tominimize . Fromthecontendenodespick
thenodethatminimizes . This optimization
selectsthe noderepresentinghe rough “center” of the
graph(Figurel3).

For all othernodes , theheuristicuseshehop-counts

, , ,and  fromthechoserreferencenodego ap-
proximatethe polarcoordinates . Here, isthemax-
imum radiorange.

This coordinateassignmentoughly approximateshe true
layout of the graph,especiallyfor graphsthat “radiate out”
from a centralpoint. Figures2 and 14 showv the shapef a
sampleoriginal embeddingandthe embeddingve obtainby
the rst phases approximatecoordinateassignmentWhen
calculating ,theuseof range torepresenbnehop-count



resultsin a graphwhichis physicallylargerthanthe original
graph;this property of the graphhelpsavoid local minima
duringtheoptimizationphase.

4.3 Mass-springoptimization

The secondhaseof the AFL algorithmrunsconcurrentlyat
eachnode.The nodesrun the mass-springpptimizationde-
scribedbelow.

At ary time, eachnode hasa currentestimate of its
position.Eachnode alsoperiodically sendsthis position
estimateto all its neighbors Now, eachnodeknows its own
estimatecpositionandthe estimatedgositionof all its neigh-
bors.

Using theseposition estimatesgeachnode  calculateshe
estimatedlistance  toeachneighbor . It alsoknowsthe
measueddistance  to eachneighbor

Let representhe unit vectorin the directionfrom  to
. Theforce in thedirection  is givenby

(2)

Theresultanforceonthenode is givenby

The enegy of nodes and dueto the difference
in the measurednd estimatedlistancess the squareof the
magnitudeof , andthetotal enegy of node is equalto

Thetotal enegy of thesystem is givenby

Theenegy of eachnode reducesvhenit movesby an
in nitesimal amountin thedirectionof theresultanforce
Theexactamountby whicheachnode movesis important
for two reasonsFirst we mustensurethat the new position
hasa smallerenegy thanthe original position; secondwe
have to ensurethat suchmovementdoesnot resultin alocal
minima.
AFL canguaranteghe rst conditionby calculatingthe en-
ergy at the new location before moving thereto guarantee
thatthe enegy reducesBut thereis no simpleway to guar
anteethat the move doesnot resultin a local minima. We
empirically selectedthat eachnode moves by the amount
, inverselyproportionalto the numberof neigh-
borsof

Section5 shovsthatAFL hasalow probabilityof converging
to local minima.Evenif the graphreaches local minimum,
thefractionof nodeghatgetdisplacedendsto besmall,thus
causingonly asmalldeformationin theresultinggraph.

5 Simulation results

We simulatedthe performanceof AFL varying graphsize,
nodeconnectvity, andrangingerror. We evaluatedts perfor
manceagains@anincrementakchemendapuremass-spring
basedapproachthat did not use fold-freedom.We wrote a
Java3d-basedimulatorto experimentwith, analyze andvi-
sualizethe performanceand behaior of the differentlocal-
izationalgorithms?

All the simulationspresentechereare 2D simulations.We

modelrangingerror usinga uniform randomdistribution, as
a fraction of the true distancebetweenary two nodes.We

selecta single samplefrom the distribution to representhe
error, ratherthan collecting multiple samplesover time and
averagingthem. Our simulationsthereforepresenta worst-
casescenariopecauseaveraginganumberof samplesvhose
errorsaresymmetricaboutthe meanreliminatesangingerror.

In practicetheharderrorsto overcomeareone-sided20], for

which our experimentaimethodis appropriate.

We selectarangeto representhe distanceover which nodes
cancommunicatefFor agivenrange , ary two nodeswvhose
distances lessthanR areconnectedy anedgeonthegraph.

In all thesimulationsyvetake necessarprecautionso reduce
the possibility of non-rigid graphsthis becomesery impor-

tantwhenwe do simulationswith low connectvity. Whende-

ploying nodeswe try to maintaina uniform local densityby

addingnodesto only thosepositionsthat have a numberof

neighborsbelow a certainthreshold(we selectthis threshold
basedntheaverageconnectvity of thegraph).

5.1 Mass-springwithout fold-freedom

In our rst experiment,we studythe performanceof a pure
mass-sprindasedalgorithmwithout fold-freedom.We sim-
ulate graphsof 30, 100, and 300 nodes,with averageper

nodeconnectvities of four, eight and twelve for eachcase.
For eachcombinationof the graphsizeandthe connectvity

we run 20 simulationseachon arandomtopology

All of these simulationsresultedin local
minima. We detectthe onsetof a local-minimumcondition
whenthesquaresumof distanceerrorsdonotchangeby more
than , at which time we checkthe GER to determinef
thegraphhasreacheda globalor local minimum.

Theresultsof theseexperimentssalidatesour hypothesighat
apuremass-springlgorithmdoesnotwork withoutgoodini-

2We planto releasdhe simulatorandvisualizerin the public domain.
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Figurel5: Thefractionof thetimeapureincrementascheme
did not work andthe fraction of nodesthat could not be lo-
calized.

tial positionestimatesln all thesecasesye wereableto ver-
ify thatthe reasondor local minimawerefoldedcon gura-
tions.

5.2 AFL v.incrementalscheme:Node connectiity

As discussedn Section3, we canapproactthe anchoffree
localizationproblemeitherincrementallyor concurrently(as
in AFL). Thegoal of our secondsetof experimentss to ex-
aminetheperformancef anincrementahnchorfreescheme
underdifferent degreesof connectvity and underdifferent
rangingerrors.Our hypothesids that AFL's concurrentap-
proachis ableto work in more casesthan the incremental
approach.

We deploy anumberof nodesin asquarearea.The nodede-
ploymentis random;we selecta randompoint in the square
to placeanodeandcheckif thenumberof nodeswithin range
of thatnodeis lessthan , the degreeof connectvity we are
trying obtain. Then,we adjustthegraphby repeatedlyemov-
ing any nodethatis connectedo restof thenodedy lessthan
threelinks. Thisis essentiafor afair analysisof theposition-
ing schemesincea nodehasto be connectedo at leastthree
otherpointsfor a uniquesolutionto its position.

With the nodecon gurationin place,we examineif we can
incrementallyobtain the positioninformation of the nodes,
startingwith threenodegsthatcanall heareachother We per

form an exhaustve searchon the setof nodesto seeif there
aresomethreestartingnodesthat allow us to incrementally
solve for the location information of all the nodes.In this

senseopurresultsareanabsolutebest-caséor anincremental
schemebecausehe existenceof evenonetriplet thatworks

properlyis considered succesgor the experiment.

Figurel5shaownsthefractionof timewecould nd somethree
nodesfor incrementalocalizationasa function of nodecon-
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Figure 16: The fraction of the time our algorithm could not
localizeagraph.

nectvity. As we cansee evenfor highly connectedetworks
with anaverageconnectvity of seven,theincrementalocal-
izationmethodfails mostof thetime. This graphalsoshavs
the averagefraction of the nodesthat cannotbe localizedin

eachcase As we cansee thepureincrementakchemédail to

localizealargefractionof nodesevenunderaverageconnec-
tivities ashigh asseven.

We run AFL on the samesetof graphs.Figure16 givesthe
resultsof this experiment.As we canseeour algorithmper
forms much bettereven for graphswith small connectvity.
This demonstratesur hypothesis.

5.3 AFL v.incrementalscheme:Ranging error

Ourthird setof experimentsxploresalargeparametespace,
varying both rangingerror aswell asaveragenodeconnec-
tivity. The primary goal of theseexperimentsis to evaluate
whetherour hypothesisthat AFL's concurrenfold-free ap-
proachis morerobustto rangingerror thanthe incremental
approachWe nd thatthe robustnesgo error at ary given
errorratedepend®nthenodeconnectvity, soourresultsare
three-dimensionajraphsshaving surfaces.

Eachsimulationin this setof experimentsis on a 250-node
graphin averageandwe ran 50 simulationsto obtain each
pointonthegraphsdescribedelow.

Figure17 shavsthe performancef the AFL algorithmunder
differenterror ratiosanddifferentconnectities. The result-
ing GERvaluesarevery small. The GERrepresentshe sum
of the errorsamongindividual points on the graph.Hence,
a small GER value mustcorrespondo small changeto the
overall structureof thegraph.

Figure 18 shaws the ratio of the GERs of the incremental
schemeandAFL. The AFL algorithmclearlyoutperformghe
incrementalersion;this ratio is alwayslargerthan4, andis
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Figure17: Thevalueof global-errofratiofor AFL underdif-
ferenterrorandconnectvities.
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Figure18: Ratioof GER of incrementabchemers AFL.

oftenlargerby morethan10, anorderof magnitudeThera-
tio increasesvith smallincreasesn rangingerror (which is
nevermorethan1%in theexperiments).

Figure 19 shavs the maximumerror betweenary two nodes
afterrunningthe AFL algorithm.Whenthe graphundegoes
somephysicaldeformation,this is identicalto somepoints
in the graphmoving with respecto otherpoints.Hencethe
maximumerror betweenary two points correspondgo the
maximumdeformationthe graphhasundegone.Figure 19
shavsthesuperiomperformancef AFL underrangingerrors,
sincethe maximumdistanceerror betweenary two pointsis
small most of the time. In most casesthe absoluteposition
erroris smallerthantheradiorange,shoving a degreeof ro-
bustnesdo errorthatis signi cantly betterthanin previously
publishedschemes.

Finally, Figure20 shavs theratio of the maximumerrorbe-
tweenary two unconnectedodesin the incrementalalgo-
rithm andAFL. As mentioneckarlier themaximumerrorbe-

11
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Figure 19: Maximum error betweenary two unconnected
nodesasa fractionof therange.
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Figure20: Theratio of themaximumerrorsbetweenrary two
unconnectediodesin incrementabndAFL respectiely .

tweenunconnectedodesis a good measureof the overall

structuralaccurag of the resultinggraphs.Henceasfar as
total structuralrigidity is concernedAFL easilyoutperforms
theincrementaklgorithm.

6 Conclusion

Many sensometwork applicationsrequirethat eachnodes
sensosstreambe annotatedvith its physicallocationin some
commoncoordinatesystem.Manual measuremenand con-
guration methoddor obtaininglocationdon't scaleandare
errorprone,andequippingsensorwith GPSis oftenexpen-
sive and doesnot work in indoor and urban deployments.
Sensonetworkscanthereforebene t from aself-con guring
methodwherenodescooperatevith eachother, estimatelo-
cal distancego their neighborsandcornvergeto a consistent
coordinateassignment.



This paperdescribesa fully decentralizecganchotfree algo-

rithm calledAFL thatsolvesthis problemin mary situations.
In AFL, nodesstartfrom a completelyrandominitial coordi-
nateassignmenand corverge to a consistensolutionusing
only local nodeinteractionsNodesin AFL operateconcur

rently, ratherthanincrementally and our simulationresults
shav that this approachproducesgood coordinateassign-
mentssubstantiallymoreoftenthananincrementabpproach.
For example,on randomgraphsbasedon RF connectvity,

whenthe averagenode connectity is to 7 or fewer neigh-
bors, the incrementalschemealmost never works whereas
AFL does.

Thekey ideain AFL is fold-freedomwherenodesrst con-
gure into a topologythat resembles scaledand unfolded
versionof the true con guration, andthenrun a force-based
relaxationprocedureFold-freedonreduceghelik elihoodof
lapsinginto local minima by avoiding “folded” con gura-
tions, andis crucial to the ability of nodesin AFL to work
concurrently Our simulation results shov that AFL is an
orderof-magnitudebetterthan incrementalanchorfree ap-

proaches.

Several directionsfor future work presenthemseles.First,
wewouldlik e to make preciseclaimsaboutwhenAFL works
and when it doesnt, by formally proving theoremsabout
fold-freecon gurations.Secondwe have startedmplement-
ing AFL on a large location-avare beaconand sensornet-
work, andlook forwardto evaluatingits performancainder
real rangingand connectvity conditions.Third, we planto
compareAFL againstanchorbasedpproachemsofaraspo-
sition accuray is concernedeven thoughthey solve a dif-
ferentproblembecausehey rely on the existenceof anchors
andrequirealargenumberof anchordor goodperformance).
While a comparisoragainstpublishedsimulationresultsof
theotherschemeshows AFL in goodlight, adirectcompar
isonandanalysisis needed.

We alsobelieve that our methodfor obtainingfold-free con-

gurations hasapplicationdeyondranging,includingin the
designof self-con guring scalablerouting systemdor large
wirelessand sensometworks. This is becausehe polar (or
equivalentCartesianyoordinatesesultingfrom thefold-free
procedurdormsa naturalframework over whichto run scal-
ablegeographicouting,withoutrequiringarny actuallocation
system.
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