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Modeling TTL-based Internet Caches
JaeyeonJung,Arthur W. Berger, Hari Balakrishnan

Abstract—
This paper models Inter net cachesthat use time-to-li ve

(TTL)-based caching,the cachingmechanismusedby Web
and DNS caches. In TTL-based caching the cachedver-
sion of a data item is deemedvalid until a certain time (the
“time-to-li ve”) elapsesfr om when the data item is placedin
the cache.This simple mechanismscaleswell to largenum-
bers of caches,but the dependenceof hit rates on TTL and
accessstatistics is not clear. To addressthis, we develop a
closed-form formula for the hit ratio basedon the simpli-
fying assumptionthat the sequenceof inter-arri val times of
the queries for a given data item can be modeledas a se-
quenceof independentand identically distrib uted random
variables. Our model providesan analysisfor the cachehit
ratesof TTL-based Inter net cachesin terms of the statistics
of data accessesand the TTL value setby the origin site of
information. Analyzing extensive DNS traces,we find that
our model predicts observed statistics remarkably well; in
particular , it’ sableto adequatelyexplain the somewhatsur-
prising empirical finding of Jung et al. [1] that for DNS ac-
cesses,the cachehit ratio for the 15 minute TTL is over
80% and increasingthe TTL of DNS namesfr om 15 min-
utes to 24 hours hasonly a small ( ������� ) impr ovement in
the cachehit rate. The prediction is best when we usethe
observed, empirical distrib ution of the inter-arri val times
of DNS queries. We alsofind that if the inter-arri val times
are modeled according to an analytic distrib ution, then a
Paretodistrib ution with a point massyieldsa better fit than
a Weibull distrib ution, with or without a point mass,or a
log Normal, or other candidatedistrib utions.

I . INTRODUCTION

Cachingis oneof theoldesttechniquesfor improving
performancein computersystems;by storinginformation
locally, cachestypically enhanceperformanceby reduc-
ing thelatency to accessinformationandby reducingthe
bandwidthrequiredto theorigin of information. Internet
systemsdisplaycachingin abundance—theWebandthe
DomainNameSystem(DNS) [2] are two importantex-
amplesof systemsthatemploy cachingfor thesereasons,
andit’s believedthatthey derive significantbenefitsfrom
doingso.

Cachingmechanismsin Internetsystemsaredesigned
to scaleto large numbersof caches.A commonway of
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achieving scalablecachingis to use time-to-live(TTL)-
basedcaches, which work asfollows. For any dataitem	

, thesitethatmaintainsthecurrent,authoritativeversion
of
	

is calledtheorigin site. If the origin receivesa re-
questfor

	
at time 
 from a requestor(typically a cache

sharedby many clients, or the cacheon a client itself),
it returnsthecurrentversionalongwith a TTL value, � .
Therequestoris allowedto cache

	
. Any subsequentre-

questsmadeto therequestorby clientsin thetimeinterval� 
��
������ canbeservedfrom therequestor’s cachewithout
contactingtheorigin site. However, thefirst requestafter
time 
���� mustgo to the origin site, sincetheTTL has
expiredfor

	
in therequestor’s cache.

TTL-basedcaching scaleswell becauseorigin sites
don’t have to maintainany per-requestor(i.e., per-cache)
state,norevenknow of theexistenceof caches.This also
enables“opportunisticcaching”by cachesacrossthe In-
ternet,sincethey don’t needto inform theorigin thatthey
arecachingdata. The trade-off in TTL-basedcachingis
betweenconsistency andscalability—becausethe origin
doesnot invalidatecachedcontent,clientsmayoccasion-
ally retrieve outdateddatauntil thepreviously advertised
TTL expires.

A significantnumberof cachemissesin Internetsys-
tems that employ TTL-basedcachingoccur becauseof
TTL expiration. For DNS caches,essentiallyall misses
occurbecauseof TTL expiration or first accessto a do-
main nameandcapacitymissesarenegligible dueto an
amplestoragein comparisonto a small dataitem. This
is alsotruefor Webdatathatchangefrequentlywith time
(e.g.,newsheadlines,sportsscores,tickers,etc.).Reflect-
ing commonworkloadpatternstypical in Web andDNS
accesses,we only considerread-onlydatain this paper.
Thesecachesdon’t exhibit “conflict” missescausedby
multiple concurrentwrites.

Severalresearchershave conductedexperimentalstud-
iesof cachingperformancein theWeb[3], [4], [5], [6], [7]
andmorerecently, DNS [1], [8]. In many of thesecases,
an increasingrate of the cachehit ratios is surprisingly
slow asTTL valuesgetslarger; for example,in anexten-
sive trace-drivenstudyof DNS cacheperformancedriven
by large client-sideTCP and DNS traces[1], we found
thatthecachehit ratedoesnot improveby morethan17%
even when the TTL is increasedfrom 15 minutesto 24
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hours! We found this surprising—itseemsreasonableto
expectmany moreaccessesto any givenorigin site in 24
hoursthanin 15 minutes,andsince(only) thefirst access
after the TTL expiresmissesin the cache,the small dif-
ferencein hit ratesfor thelarge increasein TTL is rather
counter-intuitive.

We speculatedthat this incrementalimprovement in
cachehit rateshadto dowith thenatureof accessesto the
origin sitefrom theclientssharinga cache.Motivatedby
this observation,we seekto answerthe following funda-
mentalquestionin thispaper:Howdoesthecachehit rate
for TTL-basedInternetcachesdependon thestatisticsof
dataaccessesandtheTTLvaluesof dataitems?

Somewhatsurprisingly, we find little previousresearch
(except recentwork by Cohenet al. [6], [7], discussed
in SectionII) devotedto answeringthis question,despite
its importancein understandinghow well WebandDNS
cacheswork. Building ontheobservationthatthefirst ac-
cessafter TTL expiration incursa cachemiss,while all
subsequentaccessesuntil the next expirationshit in the
cache,wedevelopananalyticmodelfor thecachehit ratio
basedon a renewal processthatanswerstheabove ques-
tion. We thendescribea computationallytractableway
to comeup with numericalsolutionsfor the model and
show that our modelpredictshit ratiosremarkablywell.
An importantcomponentof our modelis theinter-arrival
distribution of accessesto thecachefor a given,arbitrary
dataitem, for which we find thatamongtheseveralmod-
elswe considered,a Paretodistribution with apoint mass
is agoodfit.

In SectionII we survey relatedwork. SectionIII de-
scribesour analytic model and SectionIV presentsnu-
mericalsimulationsthatshow thatourmodelpredictsob-
served cachehit ratesfor threedifferent datasetsaccu-
rately. We concludewith a summaryof our findingsand
suggestionsfor futurework in SectionV.

I I . RELATED WORK

A. AnalyticModelsof CacheHit Rates

Therehasbeena good deal of researchattentionon
determininghit ratiosat cachesasa function of various
cachereplacementpolicies, suchas least recentlyused
(LRU) andfirst in first out (FIFO) [9], [10].

In contrast,therehasbeenrelatively little work on hit
ratiosasa functionof the time-to-live parameterandthe
requestarrival process.Focusingon the impactof aging
on cachingperformance,Cohenand Kaplan developed
a simplecachehit model for threespecificinter-request
timedistributions— fixed-frequency, Poisson,andPareto,
andderived themissratesunderdifferentcacheconfigu-

rations.In theirwork,acachemayobtainadataitemfrom
othercachesthantheorigin site[6].

In the subsequentwork [7], Cohenet al. further ex-
plored the aging issueand demonstratedthe relation of
the missrateat a client cacheto the distribution of TTL
acrossdatasources.Whenasourcecanperformpre-term
refreshor extendlifetimesof a dataitem, they presented
analyticresultsof the missrate for a Poissonandfixed-
frequency inter-requesttimedistribution.

Wedo not considera multi-level cachestructurein this
paper. Ratherwe considera single cachewherea data
item is alwaysfetchedfrom theorigin, andfocuson ana-
lytic models.In comparisonwith Cohenet al., our model
provides a cachehit probability for any arbitrary inter-
requesttimedistributions.

B. Analytic Modelsof TCP ConnectionInter-Start Pro-
cesses

In this study, we usea TCPconnectionarrival process
to modela cachereference.This approachwasfirst in-
troducedin [1] in trace-driven simulationsof DNS cache
behavior basedon theobservation thatTCP wasa major
driving applicationof DNS lookups.This methodallows
us to estimateDNS cachehit rate varying the TTL and
thedegreeof cachesharingusingempiricaldistributions
for the inter-query times. The possiblecausesof errors
by using TCP connectionsinsteadof real DNS lookup
tracesarealsoaddressedin [1]. In the samepaper, the
authorsmadean initial attemptto explain an asymptotic
behavior of DNS hit ratewith a renewal assumptionand
showedthataheavy-tailedParetodistribution wasagood
fit for the distribution for TCP connectioninter-arrivals.
Extendedfrom thatwork, we includea Weibull distribu-
tion to seeka good fit for an analysis,as suggestedby
Feldmann[11]. Feldmannstudiedthe TCP connection
arrival processfor theaggregationacrossall destinations
andcalculatedmaximumlikelihoodestimatorsfor thepa-
rametersof fitted distributions. In contrast,we focuson
a TCP connectionarrival processfor a given, arbitrary
destinationandusethefminsearch function in mat-
lab [12], which finds a goodfit usingan unconstrained
nonlinearoptimization[13].

I I I . ANALYTIC MODELS

In this sectionwe presenta simple, tractableanalytic
model for the query processto a cacheand obtain a
closed-formformulafor thehit ratioatthecacheasafunc-
tion of the TTL parameter. The sectionconcludeswith
a discussionof the numericalcomputationof the hit ra-
tio obtainedfrom theanalyticmodel,aswell asfrom the
trace-drivensimulations.
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A. Renewal ModelQueryProcess

Themodelconsidersa given,arbitrarydataitem (e.g.,
aDNSnameor aWebobject)andthesequenceof queries
to a cachefor that data item. We make the simplify-
ing assumptionthat thesequenceof inter-arrival timesof
queriesfor the given dataitem canbe modeledasa se-
quenceof independentand identically distributed (i.i.d.)
randomvariables.The i.i.d. assumptionis equivalent to
assumingthattheinter-querytimesarearenewal process.
Indeed,reality is more complicated. One might expect
that theprocessof inter-querytimesis “bursty”, andhas
positive autocorrelation. Thus, heuristicallyone would
expect that the true hit ratio shouldbe higher than that
predictedby a modelbasedon ani.i.d. assumption.That
is, onewould expectthat the i.i.d. assumptionis conser-
vative, possiblyvery conservative, from the perspective
of predictinghow high is thehit ratio. However, asshown
in SectionIV-C, in spiteof thesimplification,the result-
ing modelpredictsthehit ratioquitewell for theobtained
datasets.In particular, PaxsonandFloyd pointedout that
i.i.d Paretointerarrivals wereusefulasapproximationsto
particularfinite processarisingin wide-areanetwork traf-
fic [14]. Feldmannalsoobservedthati.i.d Weibull model
capturedwell the burstinessof Web connectioninterar-
rivals [11]. We believe that both casesshow that using
i.i.d assumptionfor the inter-query times closely mod-
elstheunderlyingqueryarrival processof Internetcaches
evenif it is notstatisticallyexact.

Let ��� be the time interval betweenthe ��������� query
for the given dataitem andthe � ��� query. Assume� � is
a properrandomvariable: � � hasa distribution function �"! �$#&%�' � � �)( ! � , where *�+�,�-�.$/  �"! �102� (asop-
posedto a valuelessthan1). Let time 
3054 bechosenat
thearrival of a queryto thecachefor which thedataitem
is not cached,or the TTL hasexpired, i.e. the time of a
cachemiss.�768094 and � � ’s areproper, non-negative, i.i.d random

variables,��� mayhave infinite mean.

Let : � 
;� equal the numberof queriesfor the given
dataitem in theinterval

� 4<�
>= . : � 
;� is calledtherenewal
countingprocess.Notethattheeventat 
?0�4 is excluded.
Let @BA�0C�EDF�G�7H���IJIJIK�L��A ( @M6N094 ), and%O' � @MA ( 
;�P0 %�' � �EDF�G�7H��CIJIJIQ�L��A ( 
;�0  SR AKT � 
��� (1)

where
 R AUT � 
;� denotesthe VW��� -fold convolutionof thedis-

tribution function
 �"! � with itself.

Let thevalueof thetime to live (TTL) parameterbe � .
Key observation: Therenewal countingprocesseval-

uatedat time equal to the TTL, : � 
;�$X �ZY\[ , modelsthe

numberof cachehits per cachemiss, for the given data
item.

Figure1 illustratesthe idea. At time 
E0]4 , thereis
a cachemiss. Subsequently, threequeriesoccur, at times@^D , @WH , @M_ , beforetheTTL expiresat time 
`0a� . These
threequeriesarecachehits. Thesubsequent,fourthquery
at time @Bb occursafter 
O0�� andis acachemiss.Thusin
Figure1, : � �)�?0�c andthenumberof cachehitspermiss
is 3. Note that onecould resetthe time origin to @Bb and
theresultingprocesswouldbestochasticallyequivalentto
thefirst.

X1 X3X2 X4

MM H H H

S2 S3 T0 S1 S4 t

N(T) = 3

Fig. 1. Time line diagramof queriesto agivendataitem,andassoci-
atedmodelrandomvariables.

In summary, usinga renewal assumption,we obtaina
renewal countingprocess,whichwhenevaluatedatapar-
ticular time period,theTTL, modelsthenumberof cache
hitspermiss.This randomvariablein turn canbeusedto
computeotherquantitiesof interest. In SectionIII-B, its
expectationis usedto computethehit andmissratios.

Selectionof inter-query time distribution: Giventhe
renewal assumption,the remainingfree attribute of the
model is the distribution for the inter-query time,

 �"! � .
Onenaturalchoiceis the empiricaldistribution obtained
from the collecteddata. As the model is basedon the
viewpointof pickingagiven,randomlyselecteddataitem,
conceptually, onecomputestheempiricaldistribution for
eachdataitemof interest(sayeachof thedataitemsin the
dataset)andthentakesa weightedaverageof thedistri-
butions,wheretheweightsarethe fractionof queriesfor
a given dataitem. (An equivalentandmorestraightfor-
ward,calculationis to computethe relative frequency of
the inter-query timesto all of the dataitemsof interest.)
Anothernaturalchoicefor the distribution is an analytic
one,suchasParetoor Weibull. SectionIV considersboth
empiricalandanalyticdistributions.

B. Renewal Modelfor Hit andMissRatios

In thecontext of theinter-queryrenewal model,we de-
riveanexpressionfor thelong-term( 
Odfe ) hit andmiss
ratiosasa functionof theTTL, � . In particular, let g � �)�
denotethelimiting hit ratio,which is definedasthenum-
berof queriesthatareacachehit dividedby thetotalnum-
berof queries,for a givendataitem,as 
3dPe andgiven
the TTL is � . The limiting miss ratio, denotedh � �)� ,
is analogous,where“cachehit” is replacedwith “cache
miss.”
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Theorem1: If theinter-querytimes� � ’stoagivendata
itemarei j proper, non-negative, independentandidentically
distributedrandomvariables,whosemeanmaybeinfinite,
then

g � ���k0 lnm : � �)�o=lpm : � �)�o=q�9� and

h � ���k0 �lpm : � �)�o=q�9� with probabilityone. (2)

Remark: For any finite time 
 , the hit and miss ra-
tios have a complicateddistribution. However, dueto the
stronglaw of large numbers,in the limit as 
1d e , the
distribution simplifiesto asinglepoint mass.

Equation(2) is heuristically appealing: the hit ratio
equalsthe meannumberof hits per missdivided by the
samequantityplus the onecachemiss. Equivalently, if
one thinks of an episode,or cycle, of a cachemiss fol-
lowedby cachehits (if any) beforetheTTL expires,then
Equation(2)saysthatthehit ratioequalsthemeannumber
of hits in a cycle divided by themeannumberof queries
(onemissplushits).

Theproof of thetheoremis standard,with a few subtle
points,andis givenin theappendix.

C. Calculationof Hit Ratio

Thefollowing two sectionsprovide backgroundon the
calculationof the hit ratio in respectively the renewal
model and the trace-driven simulation,and are usedin
computingthenumericalresultsin Section IV-C.

1) Calculation of Hit Ratio in Renewal Model: The
computationof thehit ratio in the renewal model,Equa-
tion (2), requiresthecomputationof

lpm : � �)�o= , themean
numberof queriesover the interval

� 4<r�N= . The expecta-
tion of therenewal countingprocessis acommonentityof
interestin renewal theoryandis calledthe renewal func-
tion: s � 
;�?# lnm : � 
;�o= .s � 
;� canbeexpressedas

s � 
;�O0 /tA Y 6
 R AKT � 
���u
wvx4

where
 R AUT � 
;� denotesthe V ��� -fold convolutionof thedis-

tribution function
 � 
;� (Equation(1)) [15].

Notethatthehit ratio, g � �)� from Equation(2), canbe
writtenasa functionof

 R AUT � 
;� :
g � �)�O0 y /A Y 6  A � ���y /A Y 6  A � �)�u�9� (3)

Although (3) is of conceptualinterestasit expressesthe
hit ratio in termsof thebasic,underlyingentity of there-
newal process,theinter-arrival distribution,

 �"! � , it is not
aconvenientform for numericalcomputation.

Therenewal function, s � 
�� satisfiestherenewal equa-
tion:

s � 
;�O0  � 
��W�xz �6 s � 
F� ! �|{  �"! � (4)

DiscretizingEquation(4) yieldsanumericallyconvenient
iterationfor s � 
;� , see [15] for details.

2) Calculation of Hit Ratio in Trace-DrivenSimula-
tion: In a trace-drivensimulation,thecomputationof the
hit ratio is straightforward: simply count the numberof
queriesandthenumberthatarecachehits. However, this
requiresrepeatingthecountingprocessfor all dataitems
in thetrace,which is not computationallyefficient, espe-
cially whenit takeslong to scanthrougha datatrace.To
avoid this,onecanalsocomputethehit ratio in awaythat
mirrorstherenewal modelandprovidessamplepathreal-
izationsfor theentitiesthatthestochasticmodelattempts
to describe.Wedescribethis lattercalculationin thissec-
tion.

Defineacycleasthesequenceof acachemissfollowed
by cachehits (if any) beforetheTTL expires,for a given
dataitem. Let } bethenumberof suchcyclesin thesim-
ulationrun1. Every queryis in oneandonly oneof these
cycles.

Let ~QA be the numberof cycles in the simulationrun
in which therewere V cachehits ( V = 0, 1, 2, ..). Since
every cycle containsonecachemiss, ~QA alsoequalsthe
numberof cyclesin thesimulationrunin whichtherewereVn��� queries.Thus,thetotal numberof cachehits in the
simulationcanbeexpressedas y /A Y 6 V�IQ~QA andthetotal
numberof cachequeries(hit + miss)canbeexpressedasy /A Y 6 � Vn�9����I�~QA .

Note that thereis anedgeeffect at theendof thesim-
ulation: multiple cyclesarelikely to be in progress.One
couldview this asnegligible noiseif thesimulationruns
over a periodof time muchlongerthantheTTLs. Alter-
natively, onecouldomit the in-progresscyclesat theend
of thesimulationfrom thecounters,~QA ’s and } .

The hit rate is definedto be the numberof cachehits
dividedby thenumberof cachequeriesin thesimulation
run. So,hit ratecanbeexpressedas:

g�0 y /A Y 6 V�I�~ Ay /A Y 6 � Vn�9���FI�~ A (5)

�
Noteat agivenpoint in time,multiplecyclescanbein progress
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Fromthedefinitions,~QA} 0 fractionof cyclesin which thereare V
cachehits0 fractionof cyclesin which thereareVn�9� queries/tA Y 6

~QA} 0 �K�
Theabovequantitiesprovide samplepathestimatesfor

themodeledrenewal countingprocess,: � 
;� evaluatedat
�0�� , the TTL. Recall that : � �)� is a randomvariable
representingthenumberof cachehits in a randomlycho-
sencycle for a randomdata item, given the TTL is � .
Basedon thetrace-drivensimulation:%�' � : � ���O0CV^�?0��|��

Thesamplemeanof : � ��� , denoted: � �)� , is

: � ���O0 /tA Y 6 V�I
~QA} � (6)

Thehit ratio,Equation(5), canbeexpressedin termsof: � �)� . Dividing thenumeratoranddenominatorof (5) by} andsubstitutingin (6) yields:

g�0 y /A Y 6 V�I � ��y /A Y 6 VpIB� �� ��� �� 0 : � �)�: � �)�W��� (7)

In summary, for computingthe hit ratio in the trace-
driven simulationone can directly count the numberof
queriesand the numberof cachehits. A numerically
equivalentcalculationis to useEquation(5),whichin turn
is equivalentto (7). Noneof thesecalculationsmake any
i.i.d assumptionsaboutrandomvariables.

Onecanthencomparetheseresultswith a calculation
thatdoesmake thei.i.d. assumption:calculatetheempir-
ical distribution for the inter-query time

 �"! � andapply
the iterationof Equation(4) andsubstituteinto Equation
(2). OnecanalsouseEquations(4) and(2) to compute
thehit ratio for candidateanalyticinter-querytime distri-
butions.Thenext sectionreportson suchcalculations.

IV. NUMERICAL RESULTS

Theprevioussectiondescribedananalyticmodelof the
hit ratiosfor TTL-basedInternetcaches.This sectionbe-
gins with a discussionon the analyticmodelsof a TCP
connectionprocesswhich generatesDNS queries,thus
providing a useful estimatorfor

 �"! � in SectionIII-A.

Using DNS as an examplesystem,we then presentthe
hit ratioscalculatedin threedifferentways— usingtrace-
drivensimulation,usingtherenewal assumptionwith the
empiricaldistribution of

 �"! � obtainedfrom thedataset,
andusingtherenewal assumptionwith ananalyticdistri-
bution. Finally, weevaluateouranalyticmodeldeveloped
in SectionIII by comparingthe above hit ratiosandex-
ploringthegapresultingfrom therenewal assumptionand
anapproximatemodelof

 �"! � .
A. TheData

We use three separatetraces collected at the bor-
der gateway of MIT’ s Laboratoryfor ComputerScience
(LCS) andArtificial IntelligenceLaboratory(AI) andat
a link thatconnectsKoreaAdvancedInstituteof Science
andTechnology(KAIST) to the restof the Internet. The
first trace,mit-jan00 wascollectedfrom 3 Januaryto
10 January2000;thesecond,mit-dec00 wascollected
from 4 Decemberto 11 December2000. Both werecol-
lectedat the samepoint in MIT. The third set,kaist-
may01 wascollectedat KAIST from 18 May to 24 May
2001.Eachdatatracerecordedover3 million TCPoutgo-
ing connectionsgeneratedfrom over 900clientsfor over
30 thousandsdifferent destinations.A detaileddescrip-
tion of thetracesis availablein [1].

With the samedatasets,Junget al. [1] estimatedthe
DNS cachehit ratesinsidethe tracednetworks by trace-
driven simulations.Assumingthat TCP wasa major ap-
plication that drives DNS lookup sequences,they used
TCP connectionsto model a cachereference,and con-
ductedsimulationsshowing the impactof a time-to-live
parameteron the DNS cachehit ratio. In this section,
weevaluateour renewal modelby calculatingthehit ratio
using the methodologydiscussedin SectionIII-C.1 and
compareit with theonefrom thetrace-drivensimulations
wherethehit ratio is simply thenumberof cachehits di-
vided by thenumberof queries.Computingthehit ratio
via Equations(4) and(2) requirestheinter-querytimedis-
tribution,

 �"! � , which canbeobtainedeitherempirically
or analyticallyfrom agivendatatrace.

To deducethe distribution of the inter-query time at a
cachefrom the real traffic, we calculatethe time differ-
encebetweentwo consecutive connectionarrivals for a
givendestinationIP address,denotedas

!
, andcountthe

frequency of
!

acrossall pairsof suchoccurrences.Forall
threetraces,

!
spans9 ordersof magnitude,rangingfrom�J4�� _ to �J4U� seconds.It is alsonoticeablethat thereis a

jumpat time1 mswhichsuggeststhatthereareanumber
of connectionsback-to-backin very closesuccession.

TableI lists thestatisticsof eachdatasetincludingthe
median,themean,

lnm ! = , the �U�Q��� -percentile,andthestan-
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darddeviation, ��- . Due to a heavy tail,
lpm ! = and ��- are

skewed� by large values.For instance,
lnm ! = is morethan

400timeslargerthanthemedian.To reducethescale,we
transformdatausinga naturallog, andthecorresponding
mean,

lpm *�� ! = andstandarddeviation, ����� - , are listed in
TableI.2

TABLE I
STATISTICS FOR TCP CONNECTION INTER-START TIMES FOR A

GIVEN DESTINATION

mit- mit- kaist-
jan00 dec00 may01

Median 4 (sec) 7 (sec) 1 (sec)lnm ! = 1977(sec) 2814(sec) 325(sec)�U�Q��� -
percentile

3913(sec) 5932(sec) 173(sec)

��- 14348(sec) 19587(sec) 5024(sec)lnm *�� ! = 9.0(msec) 9.1(msec) 6.7(msec)����� - 3.9(msec) 3.8(msec) 3.3(msec)

B. AnalyticModelsof TCPConnectioninter-start Time

In thissectionwederiveanalyticmodelsdescribingthe
distributionsfor TCPconnectioninter-starttime for three
datasets,which is agoodapproximationfor andcansub-
stitutefor theanalyticinter-querytimedistribution,

 �"! � ,
definedin SectionIII-A.

A numberof well-known probabilitydistributionswere
consideredas candidatesfor the distribution function �"! � for eachdatatrace,includinganexponential,aNor-
mal, a Pareto, a Weibull, a log Normal, a log Pareto,
a Paretowith a point mass,and a Weibull with a point
mass.For thesake of brevity, we reporttheresultsfor the
threebestperformingchoices— a Weibull, Pareto,and
Paretodistribution with apointmass,all of whichcapture
aheavy tail featureof theTCPconnectioninter-starttime
distribution. Parameterestimationis donewith matlab
usinganunconstrainednonlinearoptimization[12]. Fig-
ure 2 illustratesthe fitted distributionsandestimatedpa-
rametersalongwith theempiricalcumulativedistribution,
shown assquaredots.

ThefittedWeibull, � �"! � , capturesaspikeat 
O094<��4U4q�
(sec)while thefitted Pareto, � �"! � , fits well startingfrom
�0k4<��� (sec). The fitted Pareto,however, estimatesa
heavy tail betterthantheWeibull, whosedistribution has
adecreasingexponentialterm.As a result,theWeibull�>�

is measuredin agranularityof millisecondandthesmallestvalue
is 1 (ms)for thelog transformation.
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Fig. 2. Fitted Weibull �¡  �£¢¥¤  §¦N¨�©�ªM«¬� ¢ , Pareto ®w  �£¢¥¤¯ ¦W¨ ¯±°²;³ °µ´·¶�´ , andParetodistribution with a point mass ¸®w  �£¢`¤¹�º  §¦W¨ ¹ ¢M» ¯ ¦¼¨ ¯±°²;³ ° ´£¶�´ for TCPconnectionsinter-arrivals
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distribution approaches1 fasterthantheempiricaldis-
tribution.½

With a point massat 
N0¾4<��4U4q� (sec),thesecondfitted
Pareto, ¿� �"! � , resultsin a betterfit both for thebeginning
andthetail asshown in Figure2.

This observation can be confirmedusing the discrep-
ancy measure, ÀÁ H [16] [17]. ÀÁ H is amodifiedchi-squared
testthatenablesusto comparediscrepanciesfor different
valuesof the numberof bins. Paxson[17] usesthe re-
sult of Scott[18] in modelingwide-areaconnectioninter-
arrival. With fixed-sizedbins the mean-squareerror is
minimizedwith a bin width givenby ÂÃ0Ãc���Ä·�K��-£V�� D>År_ ,
where V is the numberof samples. Both V and corre-
spondingÂ arelistedin TableII.

TABLE II
BIN-WIDTH ¹ TO MINIMIZE ERROR IN APPROXIMATING A

DISTRIBUTION USING FIXED-SIZED BINS

mit- mit- kaist-
jan00 dec00 may01V 3571746 4483468 6304553Â 0.089 0.080 0.062

TableIII shows thegoodness-of-fitsfor threedifferent
fitted distributionswith fixed-sizebinswhereabin sizeis
determinedasshown in TableII. Lower valuesindicatea
betterfit.3 For all datasets,thefitted Paretowith a point
massyields a bettermatchto the empirical distribution
thantheothertwo distributions.

Complementingthe plots of the distribution functions
and the numericalgoodness-of-fitresults,Figure 3 pro-
videsavisualcomparisonvia ahistogramof thedatasets
alongwith ahistogramcalculatedfrom thethreefittedan-
alytic distributions. First, we transformthe

!
value into

a log scaleandcountthe numberof samplesfalling into
eachrangeof size Â from theempiricaldata.For aninter-
val

�"! Dµ ! HÆ= , a histogramis calculatedusingthe cumula-
tivedistribution’svaluesat

! H and
! D . Frequentspikesand

theshapeof humpsexisting in theempiricaldatamake it
hardto yield agoodfit over theentirerange.In particular,
asthefitted Weibull distribution approaches1 fasterthan
the empirical distribution, for the larger valuesof

!
the

differencein thecumulative distribution’s valuesis small;
andconsequentlya very smalldenominatorof the ÀÁ H re-
sultsin ahugediscrepancy for kaist-may01 trace.

Ç
We use ÈuÉ operatorasdescribedin [17]
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Fig. 3. A histogramof thedatasetsvs. a histogramof thenumerical
goodness-of-fitresults(width = ¹ )

Insteadof dividing
!

rangeinto equal-sizedbins, we
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useanalternateapproachthatusesanequal-sizedbin over
thecumulatiË vedistribution (CDF) range.Fromtheempir-
ical distribution, we seekthe largestCDF valueof each
bin andkeeptrackof thecorresponding

!
values.

Note that at jumps in the empiricaldistribution, a bin
canhave no samplepoints,andthereforedoesn’t give the
associated

!
value; in this case,the bin is merged with

thenext adjacentbin until thereappearsa bin with some
samplepoints. The histogram,is thenthe differentialof
theCDFvaluescalculatedfrom thetwo adjacent

!
values

pickedfrom thepreviousscanningprocess.

Figure4 comparesthehistogramsof theempiricaland
analyticdistributionswhenthe CDF rangeis partitioned
into 200equal-sizedbins.With binshaving roughlyequal
probability mass,the goodness-of-fitgetssmallerfor all
cases(SeeTableIII andTableIV for comparison).It also
confirms that the fitted Paretodistribution with a point
massyields the bestfit of all threedistributions. How-
ever, note that the parametersof the fitted Paretodiffer
markedly for thedifferentdatasets(Figure2). Thus,there
is noParetowith fixed,selectedparametersthatuniformly
fits well acrossourdatasets.

TABLE III
INTERVAL Ì� \ÍÎ � ¨�Ï£Ð ¢>Ñ  ÒÍÎ � º Ï£Ð ¢ ] FOR THE FITTED MODELS

WHERE ¹ IS THE WIDTH OF THE BINS

mit- mit- kaist-
jan00 dec00 may01

Weibull 0.945- 0.952 33.142- 364569724-
34.674 393066504

Pareto 1.088- 1.096 2.968- 2.991 1.262- 1.269
Pareto
w/ point 0.689- 0.693 1.283- 1.295 0.790- 0.796
mass

TABLE IV
INTERVAL Ì� \ÍÎ � ¨�Ï£Ð ¢>Ñ  ÒÍÎ � º Ï£Ð ¢ ] FOR THE FITTED MODELS

WHERE BIN SIZE IS DETERMINED BY FIXED Y INTERVAL (WIDTH =

0.005)

mit- mit- kaist-
jan00 dec00 may01

Weibull 0.742- 0.746 6.250- 6.366 14248-14568
Pareto 0.928- 0.936 2.396- 2.418 0.842- 0.847
Pareto
w/ point 0.498- 0.494 0.326- 0.328 0.162- 0.163
mass
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Fig. 4. A histogramof thedatasetsvs. a histogramof thenumerical
goodness-of-fitresults(fixed Ó width = 0.005). Note that thenumber
of bin with non-zerosamplepointsis lessthan ¦;ÔÖÕ�× ÕÆÕÆØ ¤ÚÙ ÕÆÕ for all
threecases.
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C. Comparisonof Hit Ratios

Figure5 comparescachehit ratiosasafunctionof TTL
obtainedby threedifferent methodologies.A solid line
plots the hit ratio, g¥Û �ÝÜ , from trace-driven simulations,
and g¥Û �ÝÜ is calculatedexactly in thesameway described
in [1]. A dottedline with a squarerepresentsthe hit ra-
tio, g7Þ Ü^ß , in (Equation(2)) calculatedusingtheempiri-
cal distribution of the inter-query time,

 �"! � , from each
trace. Lastly, a dottedline shows the hit ratio, g¥à;AKà in
(Equation(2)) calculatedusingthefitted Paretodistribu-
tion with a point mass,which describesan inter-query
processwith the smallestdiscrepancy of threecandidate
models,asshown in TableIII and IV.

Comparingg¥Û �ÝÜ and g7Þ ÜFß , we foundthattherenewal
model worked surprisingly well. The renewal model
closely follows the simulationresultsand the difference
is lessthan 2% up to TTL equalto 86400(sec),which
suggeststhe inaccuracy of the i.i.d. simplifying assump-
tion is remarkablysmall with regard to the DNS query
processitself. The following exampleshows how there-
newal modelexplainsthe empiricalfindingsobserved in
[1].

Notethatfor aTTL of 15minutes(900seconds),thehit
ratio is relatively high — over 80%for mit-jan00 and
mit-dec00, and over 94% for kaist-may01. This
leavesroom for only modestincreasein the hit ratio for
largerTTL’s. For example,for a TTL of 24 hours(86400
seconds),the hit ratios are 97% for mit-jan00, 94%
for mit-dec00, 98%for kaist-may01, respectively.
From Equation(2), the hit ratio will be 80% when the
meannumberof cachehits per miss,

lpm : � �)�o= , is 4. A
nominalsamplepathwould be4 inter-querytimesbefore
theTTL expires.However, notethatthemeanfor justone
inter-query time is greaterthan15 minutes,for the MIT
traces(TableI). It is thehighvariability of theinter-query
timesthatenables

lnm : � �)�o= to beasbig as4 (andthehit
ratioashighat80%).

If, in contrast,theinter-querytimeswereratherregular
(in the extremedeterministic),but, with the samemean,
thenfor �á0 15 minutes,

lpm : � �)�o= would be lessthan1
andthe correspondinghit ratio would be lessthan50%,
anddecreasingto 0% for the caseof deterministicinter-
query times. For instance,if the inter-query timeswere
exponentially distributed (i.e., a Poissonprocess)with
meanof 2,000seconds(correspondingto theMIT traces),
thenfor a TTL of 15 minutes,

lnm : � �)�o=â0&�K4U4·ãKäK4U4U4å04<��Ä·� , andthehit ratiowouldbeonly 31%.

However, whenanapproximateanalyticmodelof
 �"! �

replacestheempiricaldistribution of theinter-querytime,
theresultinghit ratio g7à;AKà is lessaccurate.
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Fig. 5. ComparingDNShit ratesobtainedby threedifferentmethods

The inaccuraciesaredue to the complicatedstructure
of the real inter-querytime distribution, which cannotbe
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describedby thefittedmodel(Figure3 and4). But, for all
threedataç sets,g àÖAQà by thefittedParetowith apointmass
predictsthehit ratiobetterthanthetwo otherdistributions
discussedin SectionIV-B.

V. CONCLUSION

This paperhaspresentedanalyticmodelsfor thecache
hit ratio for TTL-basedInternetcachesin termsof the
statisticsof dataaccessesand the TTL value set by the
origin site of information. We developeda closed-form
formulafor thehit ratio basedon therenewal assumption
wherethesequenceof inter-arrival timesof thequeriesfor
a given dataitem canbemodeledasa sequenceof inde-
pendentandidenticallydistributedrandomvariables.

Analyzing extensive DNS traces, we find that our
model predictsobserved statisticsremarkablywell. In
particular, it’s able to adequatelyexplain the somewhat
surprisingempiricalfindingof Jungetal. [1] thatfor DNS
accesses,thehit ratio for the15 minuteTTL is over 80%
andincreasingTTL from 15minutesto 24hourshasonly
asmallimprovementin thecachehit ratio. Theprediction
is bestwhenweusetheobserved,empiricaldistributionof
the inter-arrival timesof DNS queries.We alsofind that
if theinter-arrival timesaremodeledaccordingto anana-
lytic distribution,aParetodistribution is abetterfit thana
Weibull distribution.

In this paper, we considereda singlecachesharedby
entireclientsbut our modelcanbeeasilyextendedto the
multi-level cachestructurewheretheTTL of adataitemis
drawn from a certaindistribution. In on-goingwork, we
are investigatingthe renewal-modelpredictionof hit ra-
tios varyingthedegreeof client sharingasopposedto all
sharingacache.Also, in light of thegoodfit of thehit ra-
tio function,we areexaminingtheinaccuracy of thei.i.d.
simplifying assumptionwith regardto the queryprocess
itself.

ACKNOWLEDGMENTS

Theauthorswould like to thankNick Feamsterfor use-
ful commentson draftsof thepaper.

REFERENCES

[1] Jaeyeon Jung, Emil Sit, Hari Balakrishnan,and Rober Mor-
ris, “DNS Performanceand the Effectivenessof Caching,”
IEEE/ACM Trans.on Networking, Oct. 2002, To appear;paper
availableathttp://nms.lcs.mit.edu/dns/.

[2] P. Mockapetrisand K. Dunlap, “Developmentof the Domain
NameSystem,” in Proc.ACM SIGCOMM, Stanford,CA, 1988,
pp.123–133.

[3] StephenWilliams, MarcAbrams,CharlesR. Standridge,Ghaleb
Abdulla, and Edward A. Fox, “Removal Policies in Network
Cachesfor World-Wide Web Documents,” in Procedingsof
the ACM SIGCOMM’96 Conference, StanfordUniversity, CA,
1996.

[4] Martin Arlitt, RichFriedrich,andTai Jin, “PerformanceEvalua-
tion of WebProxyCacheReplacementPolicies,” in Performance
Tools’98, 1998.

[5] Lee Breslau, Pei Cao, Li Fan, Graham Phillips, and Scott
Shenker, “Web CachingandZipf-lik e Distributions: Evidence
andImplications,” in Proceedingsof theINFOCOM’99 confer-
ence, Mar. 1999.

[6] Edith Cohen and Haim Kaplan, “Aging Through Cascaded
Caches: PerformanceIssuesin the Distribution of Web Con-
tent,” in Proceedingsof the ACM SIGCOMM 2001 Confer-
ence(SIGCOMM-01), RochGuerin,Ed.,New York, Aug.27–31
2001,vol. 31,4 of ComputerCommunicationReview, pp.41–54,
ACM Press.

[7] Edith Cohen,EranHalperin,andHaim Kaplan, “Performance
Aspectsof DistributedCachesUsing TTL-BasedConsistency,”
in Proceedingsof ICALP’01conference, 2001.

[8] Edith Cohenand Haim Kaplan, “Proactive Cachingof DNS
Records:Addressinga PerformanceBottleneck,” in Proceed-
ings of Symposiumon Applicationsand Internet (SAINT), San
Diego,CA, January2001.

[9] W.F. King, “Analysisof DemandPagingAlgorithms,” Informa-
tion Processing, pp.485–490,1971.

[10] Asit Dan andDon Towsley, “An ApproximateAnalysisof the
LRU andFIFO Buffer ReplacementSchemes,” in Proceedings
of theACM SIGMETRICS, Denver, CO,1990.

[11] Anja Feldmann,“Characteristicsof TCP ConnectionArrivals,”
1998,Technicalreport,AT&T LabsResearch.

[12] “fminsearch (matlab function reference),” http://
www.mathworks.com/access/helpdesk/help/
techdoc/ref/fminsearch.shtml, 2001.

[13] J. C. Lagarias,J. A. Reeds,M. H. Wright, and P. E. Wright,
“Convergencepropertiesof theNelder-Meadsimplex algorithm
in low dimensions,” SIAMJournal on Optimization, vol. 9, pp.
112–147,1998.

[14] Vern Paxsonand Sally Floyd, “Wide areatraffic: the failure
of Poissonmodeling,” IEEE/ACM Transactionson Networking,
vol. 3, no.3, pp.226–244,1995.

[15] D.P. HeymanandM.J. Sobel, StochasticModelsin Operation
Research, vol. 1, McGraw Hill, 1983.

[16] S. PedersonandM. Johnson,“EstimatingModel Discrepancy,”
Technometrics, vol. 32,no.3, pp.305–314,1990.

[17] VernPaxson,“Empirically derivedanalyticmodelsof wide-area
TCPconnections,” IEEE/ACM TransactionsonNetworking, vol.
2, no.4, pp.316–336,1994.

[18] D. Scott,“On OptimalandData-basedHistograms,” Biometrika,
vol. 66,no.3, pp.605–610,1979.

[19] S.Ross,StochasticProcesses, vol. 1, JohnWiley & Sons,New
York, 1996.



IEEEINFOCOM 2003 11

APPENDIX

Thissectionprovidesaproof of thetheoremin Section
III-B.

Defineacycleasthesequenceof acachemissfollowed
by cachehits (if any) beforethe TTL, � , expires, for a
given dataitem. The cycle startsat the cachemiss. The
lengthof a cycle is definedasthe time interval from the
startof the cycle until the startof the next cycle. Figure
1 in SectionIII-A illustratesa cycle in which thereare
threecachehits, andwhoselength is @ b . The sequence
of cycle start timesconstitutesa renewal process,where
theinter-starttime hasthesamedistribution as y�è� Y D � � ,wheretherandomvariable é is thesmallestintegersuch
that y è� Y D � �?ê � .

Let 
`0�4 bethestarttime of thefirst cycle, andindex
thecycles ��0¾�KÖä�Öc�J�ë�ë� . Let } � 
�ìr�)� denotedthenumber
of cyclesto have completedover theinterval

� 4<�
>= , given
that theTTL is � . Sincethe inter-querytimes, � � ’s, are
assumedto beaproperrandomvariable,andtheproperty
of “proper” is preservedunderconvolution, theinter-start
timesof cyclesarea properrandomvariable. Hencethe
associatedrenewal countingprocess,} � 
�ìr�)� for any fi-
nite � hasthelimit [19]:

As 
Odfe9�} � 
âíK�)�Odîe with probabilityone. (8)

Equation(8) holdsevenwhenthemeaninter-querytime,lpm ���ï= , is infinite.
Let : � � ��� denotethe numberof cachehits in cycle� , given that the TTL is � . Note that :�� � �)� has the

samedistribution asthenumberof cachehits in cycle 1,
whichin thenotationof theinter-queryrenewal processis: � 
��8X �ZY\[ , In particular, theexpectationsareequal:lnm : � � �)�o=M0 lpm : � ���o= (9)

Fromthedefinitions,

Thenumberof queries(hitsplusmisses)in thecycle �0 : � � �)�W���
Thenumberof queriesin cyclescompletedover

� 4<�
o=
0 � R �§ð [ Tt � Y D

� : � � ���u�9���
0 � R �§ð [ Tt � Y D :��

� ���W�x} � 
Æìr�)�
Letg � 
�ìr�)�k0 hit ratio for cyclescompletedover

theinterval
� 4<�
o=ñ giventheTTL is �h � 
�ìr�)�k0 missratio for cyclescompletedover

theinterval
� 4<�
o=ñ giventheTTL is �

Fromthedefinitions,

g � 
�ìr���O0 y � R �§ð [ T� Y D : � � �)�
y � R �§ð [ T� Y D : � � �)�W�x} � 
Æìr�)� (10)

h � 
Æìr�)�O0 } � 
Æìr�)�
y � R �§ð [ T� Y D : � � �)�u�ò} � 
Æìr�)� (11)

g � 
�ìr�)�¼�Lh � 
Æìr�)�O0¾� (12)

Let

g � �)�k0 limiting hit ratio, *Z+�,� .$/ g � 
Æìr�)�h � �)�k0 limiting missratio, *Z+�,� .1/ h � 
Æìr�)�
FromEquation(10)

g � �)�P# *�+Z,� .$/ g � 
Æìr�)� (13)

0 *�+Z,� .$/ y � R �§ð [ T� Y D : � � �)�
y � R �§ð [ T� Y D : � � �)�u�ò} � 
Æìr�)�

0 *�+Z,� .$/
D� R �§ð [ T y � R �§ð [ T� Y D : � � �)�D� R �§ð [ T y � R �§ð [ T� Y D : � � �)�¼�9�

0 lnm : � �)�o=lpm : � �)�o=��9� with probabilityone (14)

wherethelastequalityis theresultreportedin thetheorem
andfollowsfromapplyingthestronglaw of largenumbers
to DA y A� Y D : � � �)� , andrecallingEquations(8) and(9) and
noting that the function ~ �"! �å# --�ó^D is continuousfor! ê 4 .

Note that for any finite 
 , g � 
Æìr�)� is a randomvari-
able(thatis a functionof variousrandomvariables),with
a not-easily-determined distribution, while the limit is a
constant.All probabilityis in asinglepoint mass.

Thederivationfor thelimiting missratio h � �)� is anal-
ogous.


